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Abstract
Conserved and commuting charges are investigated in both bosonic and supersym-
metric classical chiral models, with and without Wess-Zumino terms. In the bosonic
theories, there are conserved currents based on symmetric invariant tensors of the
underlying algebra, and the construction of infinitely many commuting charges, with
spins equal to the exponents of the algebra modulo its Coxeter number, can be carried
out irrespective of the coefficient of the Wess-Zumino term. In the supersymmetric
models, a different pattern of conserved quantities emerges, based on antisymmetric
invariant tensors. The current algebra is much more complicated than in the bosonic
case, and it is analysed in some detail. Two families of commuting charges can be
constructed, each with finitely many members whose spins are exactly the exponents
of the algebra (with no repetition modulo the Coxeter number). The conserved quan-
tities in the bosonic and supersymmetric theories are only indirectly related, except
for the special case of the WZW model and its supersymmetric extension.
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1 Introduction
In previous work [1] we investigated local and non-local conserved charges in the bosonic
principal chiral model (PCM) based on a compact classical Lie group. The non-local
charges, forming the ‘Yangian’ quantum group, were shown to commute with the local
charges. The algebra of the local charges themselves was found to be quite involved in
general. Nevertheless, we were able to prove the existence of mutually commuting sets
of local charges with spins equal to the exponents of the underlying classical Lie algebra
modulo its Coxeter number. This is precisely the structure familiar from affine Toda field
theory (see e.g. [3, 4]) and to this extent the results provide a new perspective on properties
[5] of the known S-matrices for PCMs [6].
In this paper we extend these earlier results in a number of directions. We begin by
adding a Wess-Zumino (WZ) term to the bosonic PCM. A special case, at a critical value
of the coupling, is the quantum-conformally-invariant WZW model. We show in section
2 how the results of [1] can be carried over in the presence of a WZ term with arbitrary
coefficient. A more challenging problem is to find analogous results when fermions are
added to the PCM (with or without a WZ term) so as to make the model supersymmetric,
and it is to this that we devote the remainder of the paper.5 A number of novel features
arise in conjunction with supersymmetry and a proper comparison with the bosonic theory
is greatly facilitated by a thorough understanding of the special behaviour of the critical
WZW and super WZW models, thus making contact with the results of section 2.
The supersymmetric PCM is introduced in section 3 using both superspace and com-
ponent fields. We then construct local and non-local conserved charges in the model, and
explain the effects of adding a WZ term in these supersymmetric theories. In section 4 we
investigate in detail the algebra of local currents, before proving the existence of sets of
commuting charges whose spins are once again related to the exponents of the relevant Lie
algebra. Various technical or supplementary results are collected in some appendices.
5Some preliminary results were described in conference talks [2].
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2 The bosonic principal chiral and WZW models
2.1 The lagrangian, symmetries and currents
The principal chiral model with a Wess-Zumino term can be defined by an action [7]
κ
2
∫
d2xTr
(
∂µg
−1∂µg
)
+
κ
3
λ
∫
B
Tr(g−1dg)3 . (2.1)
We shall refer to this theory as the principal-chiral-Wess-Zumino model or PCWZM. The
field g(xµ) is a function on spacetime (with coordinates xµ) taking values in some compact
Lie group G. This field must then be smoothly extended to a three-dimensional manifold
B whose boundary is spacetime in order to write the WZ term as above (where we have
chosen to use differential form notation). The coupling constants λ and κ are dimensionless.
Indeed, κ is irrelevant classically, and may be assigned any numerical value without altering
the theory. The combination κλ appearing in the coefficient of the WZ term must be
quantised in suitable units for a consistent quantum theory, but this will not be significant
for us.
We shall consider only simple classical groups G = SU(N), SO(N), Sp(N) (N even in the
last case) with the field g(xµ) a matrix in the defining representation. The corresponding
Lie algebra g then consists of N×N complex matrices X which obey
su(N) : X† = −X, Tr(X) = 0
so(N) : X∗ = X, XT = −X (2.2)
sp(N) : X† = −X, XT = −JXJ−1
where J is some chosen symplectic structure. In each case we introduce a basis of anti-
hermitian generators ta for g with real structure constants fabc and normalisations given
by
[ta, tb] = fabctc , Tr(tatb) = −δab . (2.3)
(Lie algebra indices will always be taken from the beginning of the alphabet.) For any
X ∈ g we write
X = taXa , Xa = −Tr(taX) . (2.4)
The advantage of writing the WZ term as a three-dimensional integral is that it makes
manifest the continuous symmetry
GL × GR : g 7→ UL g U
−1
R . (2.5)
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It is convenient to introduce the quantities
ELµ = ∂µgg
−1 , ERµ = −g
−1∂µg (2.6)
which take values in the Lie algebra g and transform only under the left and right factors
of the symmetry group respectively. The equations of motion from the action (2.1) above
state that the currents
jLµ = κ(E
L
µ − λεµνE
Lν), jRµ = κ(E
R
µ + λεµνE
Rν) (2.7)
are conserved:
∂µjRµ = ∂
µjLµ = 0 . (2.8)
We shall use both orthonormal coordinates x0 = t and x1 = x in two dimensions, with
conventions η00 = −η11 = 1, ε01 = 1, and also light-cone coordinates and derivatives
defined by
x± =
1
2
(t± x) , ∂± = ∂t ± ∂x .
In terms of the latter, the definitions of the conserved currents become
jL± = κ(1∓ λ)E
L
± , j
R
± = κ(1± λ)E
R
± (2.9)
and the equations of motion are equivalent to either of the conditions
∂∓j
L
± = ∓
κ
2
[jL+, j
L
−] , ∂∓j
R
± = ∓
κ
2
[jR+ , j
R
− ] . (2.10)
The PCM is of course a special case of the PCWZM corresponding to the choice λ = 0.
WZW models are defined by the conditions λ = ±1, which we shall refer to as critical
points, or critical values of the coupling (though we shall concentrate on the classical
theories in this paper). The special nature of these critical points is evident in light-cone
coordinates, since then jL± = j
R
∓ = 0 and the equations of motion become simply
∂∓j
R
± = ∂±j
L
∓ = 0 (2.11)
We shall refer to conservation equations of this special type as holomorphic.
For our purposes it will be sufficient to deal with just one of the currents jLµ or j
R
µ ; we
choose the right current and drop the label R henceforth.
The classical action is conformally-invariant and as a result the energy-momentum tensor
Tµν = −
1
2κ
(
Tr(jµjν)−
1
2
ηµνTr(jρj
ρ)
)
(2.12)
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is not only conserved and symmetric but also traceless. In light-cone components it takes
the familiar form
T±± = −
1
2κ
Tr(j±j±) , T+− = T−+ = 0 , (2.13)
with
∂−T++ = ∂+T−− = 0 . (2.14)
The WZ term does not contribute to the energy-momentum tensor because it is metric-
independent.
Finally we remark on the discrete transformation
π : g 7→ g−1 ⇒ ELµ ↔ E
R
µ , (2.15)
which exchanges GL and GR and which we shall consequently refer to as G-parity. For the
PCM, with λ = 0, this is a symmetry of the lagrangian. For the more general case of the
PCWZM it is not a symmetry by itself, but it is if combined with the usual spacetime
parity transformation x 7→ −x.
2.2 Poisson brackets
The canonical Poisson brackets of the conserved currents in the PCWZM are
{ja0 (x), j
b
0(y)} = f
abcjc0(x)δ(x−y) + 2λκδ
abδ′(x−y)
{ja0 (x), j
b
1(y)} = f
abcjc1(x)δ(x−y) + (1+λ
2)κδabδ′(x−y) (2.16)
{ja1 (x), j
b
1(y)} = f
abc( 2λjc1(x)− λ
2jc0(x) ) δ(x−y) + 2λκδ
abδ′(x−y)
or, in light-cone coordinates,
{ja±(x), j
b
±(y)} =
1
2
fabc(1± λ)
(
(3∓ λ)jc±(x)− (1± λ)j
c
∓(x)
)
δ(x−y)
±2κ(1 ± λ)2δabδ′(x−y) (2.17)
{ja+(x), j
b
−(y)} =
1
2
fabc
(
(1− λ)2jc+(x) + (1 + λ)
2jc−(x)
)
δ(x−y)
We repeat that we are now dealing exclusively with the R currents (the brackets of the L
currents with themselves are similar, while those of L with R are more complicated, but
we shall need neither). These brackets may be derived in various ways; one method is
sketched in an appendix, section 6.
Notice that different values of λ result in genuinely different current algebras. In par-
ticular, we observe that at the critical values λ = ±1, with j∓ = 0, the surviving current
4
component j± obeys a Kac-Moody algebra. The value of κ, on the other hand, is of no
real significance. Corresponding to its appearance as an overall factor in the lagrangian,
it could be eliminated from the current algebra by a simultaneous re-scaling of currents
and Poisson brackets. We can take advantage of this when carrying out calculations, by
setting κ to some convenient numerical value.
2.3 Local conserved charges and invariant tensors
Consider the PCWZM based on G with arbitrary couplings κ and λ. Let d(m)a1a2...am be any
totally symmetric invariant tensor, (we shall not always indicate the rank m explicitly) so
that
dc(a1a2...am−1fam)bc = 0 . (2.18)
For each such d-tensor there are holomorphic conservation equations
∂−( da1a2...amj
a1
+ j
a2
+ . . . j
am
+ ) = ∂+( da1a2...amj
a1
− j
a2
− . . . j
am
− ) = 0 , (2.19)
which follow immediately from (2.18) and from (2.10) written in the form
∂∓j
a
± = ∓
1
2
κfabcjb+j
c
− .
One special case is
∂−(T
n
++) = ∂+(T
n
−−) = 0 (2.20)
which corresponds to even-rank invariant tensors constructed from Kronecker deltas:
da1a2...a2n−1a2n = δ(a1a2δa3a4 . . . δa2n−1a2n). (2.21)
Such conservation laws hold in any classically conformally-invariant theory. More interest-
ing are the equations
∂−Tr(j
m
+ ) = ∂+Tr(j
m
− ) = 0 (2.22)
which correspond to choosing
da1a2...am = sa1a2...am := sTr(t
a1ta2 . . . tam). (2.23)
with ‘sTr’ denoting the trace of a completely symmetrised product of matrices. For su(N)
these tensors exist for any positive integer m. For so(N) or sp(N) on the other hand, they
are non-trivial only when m is an even integer, vanishing identically when m is odd.
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These observations lead us to a more detailed consideration of invariant tensors. There
are infinitely many invariant tensors for each algebra g, but only rank(g) independent or
primitive d-tensors and Casimirs (see e.g. [9]), whose degrees equal the exponents of g plus
one. For future reference we list the exponents of each classical algebra, together with the
value of its Coxeter number, h and the dimension of its fundamental representation, N :
aℓ = su(ℓ+1) 1, 2, 3, . . . , ℓ h = ℓ+1 N = ℓ+1
bℓ = so(2ℓ+1) 1, 3, 5, . . . , 2ℓ−1 h = 2ℓ N = 2ℓ+1
cℓ = sp(2ℓ) 1, 3, 5, . . . , 2ℓ−1 h = 2ℓ N = 2ℓ
dℓ = so(2ℓ) 1, 3, 5, . . . , 2ℓ−3 ; ℓ−1 h = 2ℓ−2 N = 2ℓ
(2.24)
All other invariant tensors can be expressed as polynomials in the primitive tensors and
the structure constants fabc. The choice of primitive tensors is certainly not unique. In
particular, we can modify any given choice by adding terms involving compound tensors
of the form u(a1...arvb1...bs). For the classical algebras, the primitive tensors can be chosen
to be symmetrised traces sa1...am as in (2.23), with one exception. This exception is the
Pfaffian invariant for so(2ℓ), which has rank ℓ and which can be written
da1...aℓ = pa1...aℓ :=
1
2ℓ ℓ!
ǫi1j1...iℓjℓ (t
a1)i1j1 . . . (t
aℓ)iℓjℓ . (2.25)
Although the Pfaffian cannot itself be expressed as a polynomial in symmetrised traces, ifX
is any element of the Lie algebra then it is always possible to express (pa1...aℓX
a1 . . .Xaℓ)2 =
det(X) as a polynomial in traces of powers of X .
We are interested in the behaviour of the general conserved charges
q±s =
∫
da1a2...amj
a1
± j
a2
± . . . j
am
± dx (2.26)
which we label by their spins ±s = ±(m−1), i.e. their eigenvalues under the Lorentz boost
generator. In particular, the Poisson bracket algebra of these charges can be calculated
directly from (2.17). This was done in [1] for the case λ = 0 (the PCM) and it was observed
that the ultralocal terms in (2.17) (those not involving δ′) never contribute, irrespective
of their individual coefficients. Now the effect of introducing a WZ term is evidently just
a modification of these coefficients by some λ-dependent functions. The arguments used
in [1] therefore suffice to show that the ultralocal terms still do not contribute, even in
the more general case λ 6= 0. An immediate consequence is that charges (2.26) with spins
of opposite sign always commute, since the brackets of j+ with j− involve only ultralocal
terms. For charges whose spins have the same sign, the situation is more complicated,
since there may then be a contribution from the non-ultralocal term (proportional to δ′)
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in (2.17). For example, {qs, qr} is easily seen to be proportional to the integral of
d(s+1)a1a2...ascd
(r+1)
b1...br−1ec
ja1+ j
a2
+ . . . j
as
+ j
b1
+ . . . j
br−1
+ ∂1j
e . (2.27)
Let us focus for definiteness on charges of positive spin and introduce the notation
Jm = Tr(j
m
+ ) = sa1...amj
a1
+ . . . j
am
+ . (2.28)
The Poisson brackets of these currents are readily calculated [8, 1], with the result
{Jm(x),Jn(y)} = −2mnκ(1+λ)
2
[(
Jm+n−2(x)−
1
N
Jm−1(x)Jn−1(x)
)
δ′(x−y)
+
n−1
n+m−2
J ′m+n−2(x) δ(x−y)−
1
N
Jm−1(x)J
′
n−1(x) δ(x−y)
]
(2.29)
This holds for each of the algebras su(N), so(N) and sp(N), though in the latter two
cases the integers m and n must be taken to be even and the terms with coefficients 1/N
then vanish. By virtue of our earlier remarks concerning primitive invariant tensors, any
positive-spin current of the general type (2.19) can be expressed as a polynomial in a finite
number of the currents Jm, together with, for the case of so(2ℓ), the Pfaffian current, which
we write
Pℓ = pa1...aℓj
a1
+ . . . j
aℓ
+ . (2.30)
We remarked earlier that the Pfaffian can also be expressed in terms of symmetrised traces,
but only by taking a square root of a polynomial. In practice such an expression may
be rather inconvenient, although for our purposes this will be sufficient. Direct ways of
calculating Poisson brackets involving the Pfaffian current are described in [1].
Our aim now is to identify certain natural families of local conserved charges of type
(2.26) which all have vanishing Poisson brackets with one another. For the orthogonal and
symplectic algebras, for which the 1/N terms in (2.29) vanish, we see that the currents Jm
already yield commuting charges. This leaves out the case of su(N), however, and also the
Pfaffian primitive invariant in so(2ℓ). In the next section we shall give a universal formula
which defines sets of commuting charges in any PCWZM based on a classical algebra.
To conclude this section, a number of comments are in order. Firstly, we should mention
in passing the existence of a much larger set of conserved local quantities in any PCWZM,
consisting of differential polynomials in the currents (2.19). These will have no role to
play in the remainder of this paper. More importantly for us, there is a quite different
but no less dramatic increase in the number of local charges for the special case of the
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WZW model. With λ = +1, say, the Lie-algebra-valued current ja+ is itself holomorphic,
as in (2.11). Consequently, the tensor d appearing in (2.19) need no longer be invariant in
order to give rise to a holomorphic current: arbitrary polynomials in the components ja+
are automatically holomorphic. We shall not investigate this larger set of currents in the
WZW model in any detail, but knowledge of its existence will prove helpful later.
Finally, there is a related point concerning the quantum theory. Away from the critical
points λ = ±1, the scale-invariance of the classical PCWZM will be broken quantum-
mechanically [7]. We would therefore expect that the quantum versions of the classical
conservation laws (2.19) are no longer of holomorphic form, but rather modified by anoma-
lies (see e.g. [22]). Our detailed knowledge of the quantum conservation laws is rather
incomplete—see [1] for a summary of the PCM. At critical values of the coupling λ = ±1,
however, we obtain the quantum conformally-invariant WZW theories, and we then expect
the holomorphic form of the conservation equations to persist quantum-mechanically.
2.4 Commuting families of local charges
We now explain how the main results of [1] regarding commuting sets of local charges can
be generalised to the PCWZMs.
For each of the classical algebras aℓ, bℓ, cℓ and dℓ, we introduce the generating functions
A(x, µ) and F (x, µ) by
A(x, µ) = expF (x, µ) = det(1− µj+(x)) (2.31)
so that
F (x, µ) = Tr log(1− µj+(x)) = −
∞∑
r=2
µr
r
Jr(x) . (2.32)
Now define polynomials Ks+1 in the currents Jm, which have homogeneous spin s+1, by
−
1
s+1
Ks+1 = A(x, µ)
s/h
∣∣∣
µs+1
= exp
s
h
F (x, µ)
∣∣∣
µs+1
(2.33)
where h is the Coxeter number of the algebra, as given in (2.24). Note that A(x, µ)
is a polynomial in µ with degree equal to the dimension of the defining representation,
whereas F (x, µ) and fractional powers of A(x, µ) must be defined as power series in µ
with infinitely many terms. In defining Ks+1 by extracting the indicated coefficient, the
generating function is to be expanded in ascending powers of µ:
A(x, µ)s/h =
∞∑
r=0
µrA(s/h)r (x) ⇒ −
1
s+1
Ks+1 = A
(s/h)
s+1 . (2.34)
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The coefficient of the current in (2.33) is chosen6 to ensure that Kn has leading term Jn.
The first few examples of these new currents are:
K2 = J2
K3 = J3
K4 = J4 −
3
2h
J 22
K5 = J5 −
10
3h
J3J2
K6 = J6 −
5
3h
J 23 −
15
4h
J4J2 +
25
8h2
J 32 (2.35)
These formulas apply to all algebras, though for the orthogonal and symplectic cases we
must keep in mind that only the currents of even spin are non-vanishing.
The new currents Ks+1 are non-trivial precisely when s is an exponent of the algebra g
modulo its Coxeter number h. If we consider g = su(N), the currents vanish when s/h
is an integer, since A(x, µ)s/h is then a polynomial in µ of degree s (rather than a power
series in µ) and so the definition (2.33) becomes empty. For the orthogonal and symplectic
algebras, h is always even, whereas the currents are non-vanishing only when s is odd. We
have thus defined infinite sequences of currents or charges, each associated to a primitive
invariant tensor of type (2.23) of g and with spins repeating mod h within each sequence.
The only primitive invariant missing from the discussion is the Pfaffian for g = so(2ℓ).
To include this on the same footing, we must find an infinite family of currents Pℓ+ah where
a = 0, 1, 2, . . . and h = 2(ℓ − 1) is the Coxeter number of so(2ℓ). It is not immediately
obvious how this should be done, but it turns out that this final sequence is already
contained in the formulas given above, in the following rather surprising way.
First note that when g = so(2ℓ) the term of highest degree in A(x, µ) is µ2ℓP2ℓ . On
extracting this factor from A(x, µ), we are left with a polynomial in 1/µ, and this allows
us to consider an expansion for A(x, µ)s/h in decreasing, rather than increasing, powers of
µ. Moreover, our earlier formula, on the right-hand-side of (2.33), still makes perfect sense
with h = 2(ℓ− 1) if we take s = (2a+ 1)(ℓ− 1) with a a non-negative integer, and we can
use it to define
Ps+1 = A(x, µ)
s/h
∣∣∣
µs+1
(2.36)
6In [1] we adopted a number of different normalizations for these currents, as well as for the Pfaffian
in (2.25) and (2.30). Such factors are obviously irrelevant to whether the corresponding charges commute,
but they must be borne in mind when making comparisons with certain formulas in [1].
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To be more explicit, the expansion in inverse powers of µ takes the form
A(x, µ)s/h = µ(2a+1)ℓ
∞∑
r=0
µ−rA
(s/h)
−r (x) ⇒ Pℓ+ah = A
(s/h)
−2a (2.37)
for a = 0, 1, 2, . . . . The first of these (a = 0) is indeed the Pfaffian, and the following
members of the sequence are its desired generalisations.
The importance of the new currents defined in (2.33) and (2.36) is that their charges∫
Ks+1 dx and
∫
Ps+1 dx all have vanishing Poisson brackets in the PCWZM. This was
proved for the case λ = 0 in [1] by calculating the Poisson brackets of A(x, µ)p and A(y, ν)q
and then showing that certain coefficients in the expansions were zero provided the powers
p and q were chosen appropriately. The extension from the PCM to the PCWZM is
straightforward once we know the effect of the WZ term, as given by the dependence on λ,
in the brackets (2.17) and (2.29). Indeed, since λ appears in (2.29) only through the overall
factor (1 + λ)2, it will appear in just the same way in brackets of F , A, powers of A, and
hence in the brackets of the conserved charges. Since changing zero by an overall factor
still gives zero, the calculations of [1] imply that the charges commute in the PCWZM as
well as in the PCM.
There are actually more general sets of commuting charges for the algebras so(2ℓ + 1)
and sp(2ℓ), which correspond to replacing 1/h by an arbitrary real number α in (2.33). The
same freedom exists for the trace-type currents in the case of so(2ℓ), as far as their mutual
commutation is concerned, but requiring them to commute with the Pfaffian charges fixes
α = 1/h.
The formula for the currents Km in terms of Jm amounts to a new choice da1...am = ka1...am
in (2.19); thus
Km = ka1...amj
a1
+ . . . j
am
+ .
Moreover the expressions for these new tensors in terms of symmetric traces, of the form,
ka1...am = sa1...am + (compound terms)
may be regarded as a new choice for the primitive symmetric invariants. In addition to
ka1a2 = sa1a2 and ka1a2a3 = sa1a2a3 we have the first few non-trivial examples
ka1a2a3a4 = sa1a2a3a4 −
3
2h
s(a1a2sa3a4)
ka1a2a3a4a5 = sa1a2a3a4a5 −
10
3h
s(a1a2a3sa4a5)
10
ka1a2a3a4a5a6 = sa1a2a3a4a5a6 −
5
3h
s(a1a2a3sa4a5a6)
−
15
4h
s(a1a2a3a4sa5a6) +
25
8h2
s(a1a2sa3a4sa5a6) (2.38)
The vanishing of the charge Poisson brackets implies the algebraic property
k
(s+1)
(a1...as
c
k
(r+1)
as+1...as+r−1)bc
= k
(s+1)
(a1...as
c
k
(r+1)
as+1...as+r−1b)c
, (2.39)
since this is a necessary and sufficient condition for the integrand in (2.27) to be a total
derivative. This observation will prove useful later.
2.5 Non-local charges
In this section we construct the non-local charges in the PCWZM and then show that they
commute with any charge arising from a local current (2.19).
Recall that the PCM [1] contains infinitely many conserved, non-local charges, which
generate a Yangian Y (g) [11]. In fact there are two copies of this structure, constructed
either from jLµ or j
R
µ , and so the model has a charge algebra YL(g)× YR(g). The charges
are constructed [12] (again for either L or R; we specialise to R) from an infinite sequence
of currents j(r)µ , with r = 0, 1, 2, . . ., obeying
∂µj(r)µ = 0 ⇔ j
(r)
± = ±∂±χ
(r)
for some scalar functions χ(r). They are defined by
j
(0)
± = j± , j
(1)
± = (1± λ)( ∂±χ
(0) − 1
2
[E±, χ
(0)] )
and
j(r+1)µ = ∇µχ
(r) = (1± λ)( ∂±χ
(r) − [E±, χ
(r)] ) , r ≥ 1,
which also defines the covariant derivative ∇µ. Note the factor of one half in the definition
of j(1)µ which is needed to ensure that it is conserved. Conservation of j
(r)
µ for r > 1 is
easily established by induction, using the properties [∂µ,∇
µ] = [∇µ,∇ν ] = 0. The first two
conserved charges are7
Q(0)a =
∫
dx ja0 (x)
Q(1)a =
∫
dx
(
ja1 (x) + λj
a
0 (x)−
1
2κ
fabc
∫ x
dy jb0(x)j
c
0(y)
)
.
7 Bernard [13] writes down a closely related procedure in which, using the freedom inherent in the
Yangian, he effectively subtracts 2λQ(0)a from Q(1)a, so that in the conformal limit Q(1)a is purely non-
local. See also [16, 17].
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We would expect Q(0) and Q(1) to form a Yangian, as in the λ = 0 case, and the ultralocal
parts of the Poisson brackets have the behaviour necessary for this. However, there is a
problem with the non-ultralocal terms (the derivatives of delta functions). When λ = 0
the only non-ultralocal term appears in the {j0, j1} bracket. Ambiguities in the charge
brackets can then be resolved by letting each charge be defined with a range of integration
from −L to L, then letting L → ∞. The brackets which define the Yangian are then
independent of the order in which the limits L1 → ∞, L2 → ∞ for the two charges are
taken. For λ 6= 0 this is no longer possible. There are non-ultralocal terms in each of the
current brackets and these lead to an ambiguity in {Q(0) a, Q(1) b} which cannot be resolved,
so that the Yangian is no longer well-defined – an issue which remains to be understood.
Although the algebraic structure generated by Q(0)b and Q(1)b may be ambiguous when
λ 6= 0, their brackets with a general local charge qs given by (2.26) are still well-defined. It
is straightforward to show that {qs, Q
(0)b} = 0. In considering {qs, Q
(1)b}, recall [1] that in
the λ = 0 case the local and non-local contributions from Q(1)b conspired to cancel. The
same now occurs with λ 6= 0: the
∫
j
(0)b
1 terms yield extra contributions∫
dx fa1bc(2λj
(0)c
1 − λ
2j
(0)c
0 )da1a2...as+1j
(0)a2
+ j
(0)a3
+ . . . j
(0)as+1
+ ,
the λj
(0)b
0 terms give nothing new, and the non-local terms give extra contributions∫
dx fa1bc(2λj
(0)c
0 + λ
2j
(0)c
0 )da1a2...as+1j
(0)a2
+ j
(0)a3
+ . . . j
(0)as+1
+
(we are assuming s > 0). The λ2 terms cancel when these expressions are added, and the
others sum to produce a factor 2λj
(0)c
+ , which gives zero on using invariance of d.
3 The super PCM (and super WZW model)
In the rest of this paper we shall consider supersymmetric extensions of the bosonic models
discussed above. Supersymmetric principal chiral models (SPCMs) have long been known
to be integrable (see e.g. [18]) but our understanding of them is much less complete
than for their bosonic counterparts. Indeed, an S-matrix for the SU(N) SPCM has been
conjectured (and tested) only fairly recently [19], and it is far from clear how this particular
construction could be generalised to other groups. It is interesting therefore to consider
whether a study of local charges, and the possible emergence of some version of Dorey’s rule
[3, 4], might be helpful for the eventual determination of these exact scattering theories.
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The super WZW model by contrast has received considerable attention in the context of
conformal field theory–see e.g. [20, 21].
In the last section we showed that the addition of a WZ term to the bosonic PCM
ultimately has no effect on the existence of the conserved currents (2.19) nor on the con-
struction of commuting local charges based on the currents (2.33). Moreover, we found
that the model displayed qualitatively different behaviour only at the critical WZW point.
A similar picture emerges for the supersymmetric extensions of these models. Because the
formulas and calculations are considerably more complicated for the supersymmetric the-
ories, we shall simplify the presentation by concentrating for the most part on the SPCM,
without a WZ term. Where the presence of a WZ term becomes significant, however, we
shall mention its effects explicitly. In particular, some special features of the super WZW
theory are important in clarifying the relationship between the bosonic and supersymmetric
cases.
3.1 Superspace and conserved currents
To write down the SPCM in a manifestly supersymmetric way we shall use superspace,
with coordinates (xµ, θ+, θ−). The additional fermionic coordinates θ± are real Grassmann
numbers, with supercharges Q± = ∂θ± + iθ
±∂± and supercovariant derivatives D± =
∂θ± − iθ
±∂±. Each index ± signifies one unit of Lorentz spin on a bosonic object, but
a 1/2-unit of spin on a fermionic object. Upper and lower indices denote opposite Lorentz
weights. (A fuller discussion is given in an appendix, section 7.)
In analysing the SPCM we will need to understand the implications of conservation
equations in superspace, which have the general form
D+J− −D−J+ = 0 . (3.1)
Let us take the current components J± to be fermionic superfields, each carrying a single
Lorentz spinor index, with all other possible internal or Lorentz indices suppressed (more
elaborate possibilities can be dealt with straightforwardly). To examine the x-space content
of the above equation we define the component expansions
J+ = α+ + θ
+j+ + θ
−u+ iθ+θ−β+ ,
J− = α− + θ
−j− + θ
+v + iθ−θ+β− (3.2)
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in which all the fields are real, with α± and β± fermionic, while j±, u, v are bosonic. Now
(3.1) is equivalent to
∂+j− + ∂−j+ = 0 (3.3)
∂−α+ = β− (3.4)
∂+α− = β+ (3.5)
u = v . (3.6)
The first of these equations is the usual conservation equation for a bosonic current with
light-cone components j±, and the corresponding conserved charge can be written either
as an integral in x-space or directly in superspace:
B =
∫
(dx+j+ − dx
−j−) =
∫
(dx+dθ+J+ − dx
−dθ−J−) , (3.7)
where the x-integrals are understood to be taken over a space-like curve.
The remaining equations (3.4)-(3.6) do not, in general, express any additional conser-
vation laws. This is consistent with the fact that the charge B is always invariant under
supersymmetry: δǫB = 0. This follows from either of the expressions in (3.7), indeed,
it follows from the second expression simply because J± are superfields. Thus it is not
possible to discover a ‘superpartner charge’ to B in this manner. (See also [14].)
Nevertheless, there are some important special circumstances in which we know some-
thing more about the superspace current, thereby giving extra content to (3.4)-(3.6) and
implying that there are additional conserved charges which are superpartners to B. The
simplest example is that of a holomorphic conservation law in superspace, for which J− = 0.
In this case we clearly have
D−J+ = 0 , ⇒ J+ = α+ + θ
+j+ with ∂−j+ = ∂−α+ = 0 . (3.8)
Now in addition to the previous bosonic charge B we also have a fermionic charge:
F =
∫
dx+ α+ , B =
∫
dx+j+ . (3.9)
The action of supersymmetry on the currents is
δǫα+ = ǫ
+j+ , δǫj+ = ǫ
+∂+α+ (3.10)
and so on the corresponding charges we have
δǫF = ǫ
+B , δǫB = 0 . (3.11)
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Notice that our earlier conclusion regarding invariance of B is unaltered.
These observations will be useful shortly. Some more extensive comments about super-
space conservation laws are collected in an appendix, section 7.
3.2 The SPCM lagrangian and symmetries
To define the supersymmetric principal chiral model (SPCM) we introduce a superfield
G(x, θ) with values in G. The superspace lagrangian is
L =
1
2
Tr(D+G
−1D−G) (3.12)
where we immediately set the overall coupling constant factor to unity. This has a contin-
uous symmetry
GL × GR : G 7→ ULGU
−1
R (3.13)
and there are conserved, Lie algebra-valued superspace currents associated with each factor.
As with the bosonic PCM, it will suffice to deal with just one of these, which we choose to
be the current corresponding to GR, namely,
J± = −iG
−1D±G (3.14)
(the current for GL is then −GJ±G
−1). In addition to the superspace conservation equation
(3.1) we have identically a zero-curvature condition in superspace:
D+J− +D−J+ + i{J+, J−} = 0 . (3.15)
Combining these, the superspace equations of motion of the SPCM can be written
D+J− = D−J+ = −
i
2
{J+, J−} . (3.16)
To reveal the component (x-space) content of the super PCM we can expand
G(x, θ) = g(x)(1 + iθ+ψ+(x) + iθ
−ψ−(x) + iθ
+θ−σ(x) ) . (3.17)
The fermions ψ±(x) take values in g and are the superpartners of the group-valued fields
g(x). The GL × GR symmetry acts on the component fields by g 7→ ULgU
−1
R , and ψ± 7→
URψ±U
−1
R , so that the fermions transform only under the GR factor of the symmetry group.
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8 An alternative component expansionG = exp(iθ+ψ˜++iθ
−ψ˜−+iθ
+θ−σ˜)g would result in g 7→ ULgU
−1
R
and ψ˜± 7→ ULψ˜±U
−1
L
. The choices of fermions are of course related by ψ± = g
−1ψ˜±g.
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The field σ(x) turns out to be auxiliary, with an algebraic field equation. After its elimi-
nation, the final form of the component lagrangian is
L = −1
2
Tr
(
g−1∂+g g
−1∂−g + iψ+∂−ψ+ + iψ−∂+ψ−
+ 1
2
iψ+[g
−1∂−g, ψ+] +
1
2
iψ−[g
−1∂+g, ψ−] +
1
2
ψ2+ψ
2
−
)
. (3.18)
The component equations of motion which follow from this can equally-well be read off
from the current conservation equations. We first calculate
J+ = −iG
−1D+G = ψ+ − θ
+(g−1∂+g + iψ
2
+)−
1
2
iθ−{ψ+, ψ−}
− iθ+θ−( ∂+ψ− + [g
−1∂+g, ψ−] +
1
2
i[ψ2+, ψ−] ) (3.19)
J− = −iG
−1D−G = ψ− − θ
−(g−1∂−g + iψ
2
−)−
1
2
iθ+{ψ+, ψ−}
− iθ−θ+( ∂−ψ+ + [g
−1∂−g, ψ+] +
1
2
i[ψ2−, ψ+] ) (3.20)
(having already eliminated the auxiliary field). We can then compare these component
expansions to (3.2), and we find that the equations (3.3-3.6) imply that the bosonic current
j± = −(g
−1∂±g + iψ
2
±) (3.21)
is conserved, while the fermion equations of motion are
∂∓ψ± +
1
2
[g−1∂∓g, ψ±] +
i
4
[ψ2∓, ψ±] = 0 . (3.22)
As in the bosonic case, there can be important discrete symmetries of the SPCM. In
particular, we have a G-parity symmetry
π : G 7→ G−1 ⇒ J± 7→ −GJ±G
−1 .
The derivatives D±J± do not have definite behaviour under π, so we introduce instead the
combinations
J±± = D±J± + iJ
2
± ⇒ J±± 7→ −GJ±±G
−1 .
Similar modifications can be made to higher derivatives (which proved useful in [2]).
The classical super PCM is superconformally invariant, with the non-vanishing compo-
nents of the super energy-momentum tensor obeying
D−Tr(J+J++) = D+Tr(J−J−−) = 0 . (3.23)
When expanded in components this contains conservation equations for both the super-
symmetry current and the conventional (bosonic) energy momentum tensor.
16
3.3 Poisson brackets in the SPCM
Poisson brackets will always be written {A,B} but must be understood to be graded, i.e.
antisymmetric if either A or B is bosonic, but symmetric if both A and B are fermionic.
They obey the Leibnitz rules
{A,BC} = {A,B}C ± B{A,C} , {CB,A} = C{B,A} ± {C,A}B
where the minus signs occur if and only if both A and B are fermionic.
The brackets for the bosonic conserved currents (3.21) are
{ja0 (x), j
b
0(y)} = f
abcjc0(x)δ(x−y)
{ja0 (x), j
b
1(y)} = f
abcjc1(x)δ(x−y) + δ
abδ′(x−y) (3.24)
{ja1 (x), j
b
1(y)} = −
1
4
ifabc( hc+(x) + h
c
−(x) )δ(x−y)
or, in light-cone coordinates,
{ja±(x), j
b
±(y)} =
1
2
fabc
(
3jc±(x)− j
c
∓(x)−
1
2
ihc+(x)−
1
2
ihc−(x)
)
δ(x−y)
± 2δabδ′(x−y) (3.25)
{ja+(x), j
b
−(y)} =
1
2
fabc
(
jc+(x) + j
c
−(x) +
1
2
ihc+(x) +
1
2
ihc−(x)
)
δ(x−y)
where we have introduced the bosonic quantities
h± = ψ
2
± , h
a
± =
1
2
fabcψb±ψ
c
± . (3.26)
The fermions obey
{ψa±(x), ψ
b
±(y)} = −iδ
abδ(x−y) , {ψa+(x), ψ
b
−(y)} = 0 . (3.27)
It is also useful to note that
{ha±(x), ψ
b
±(y)} = if
abcψc±(x)δ(x−y) (3.28)
{ha±(x), h
b
±(y)} = if
abchc±(x)δ(x−y) (3.29)
Finally, there are non-trivial brackets between the bosonic currents and the fermions
{ja±(x), ψ
b
±(y)} =
3
2
fabcψc±(x)δ(x−y) , {j
a
±(x), ψ
b
∓(y)} =
1
2
fabcψc∓(x)δ(x−y) (3.30)
A derivation of the brackets above is sketched in an appendix, section 6.
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3.4 Local conserved charges
The simplest local conserved currents in the bosonic PCM are powers of the energy-
momentum tensor (2.20). The super energy-momentum tensor in the SPCM is a fermionic
quantity, however, so we cannot take powers of it to obtain new conservation laws in quite
the same way. Let us therefore turn directly to the generalisations of (2.22) and (2.19).
The currents (2.22) in the bosonic PCM can be generalised to the supersymmetric PCM
in two ways. First, we have9
D−Tr(J
2n+1
+ ) = 0 (3.31)
which is odd under the discrete symmetry π. The power of J+ must be an odd integer,
otherwise the expression would vanish identically, by Fermi statistics. Second, we have
D−Tr(J
2n−1
+ J++) = 0 (3.32)
which is even under π. The power of J+ must again be odd, this time to prevent the
expression being a total D+ derivative and hence giving a trivial conservation equation.
The first member of this sequence, with n = 1, is the super-energy-momentum tensor.
Both (3.31) and (3.32) follow directly from the superspace equations of motion (3.16).
As in the bosonic case, one can generalise these conservation equations by re-writing
them in terms of invariant tensors. Equation (3.31) becomes
D−( Ωa1a2...a2n+1J
a1
+ J
a2
+ . . . J
a2n+1
+ ) = 0 (3.33)
where we define, from a symmetric d-tensor of rank n+1, a completely antisymmetric
tensor of rank 2n+1 by
Ωa1a2...a2n+1 =
1
2n
f[a1a2
b1 . . . fa2n−1a2n
bnd b1...bna2n+1] . (3.34)
In a similar fashion, the second kind of conservation equation (3.32) becomes
D−( Λa1...a2n−1a2nJ
a1
+ . . . J
a2n−1
+ J
a2n
++ ) = 0 (3.35)
where now the relevant invariant tensor is even-rank,
Λa1a2...a2n−1a2n =
1
2n−1
f[a1a2
b1 . . . fa2n−3a2n−2
bn−1db1...bn−1a2n−1]a2n . (3.36)
9We restrict immediately to positive spins; there are obviously analogous negative-spin currents anni-
hilated by D+. See also [15] for a related construction.
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It has a more complicated structure in that it is antisymmetric only on its first 2n−1
indices.
It is clear that we need invariant tensors which are antisymmetric in some number of
indices, in order to combine the fermionic currents J+ into holomorphic expressions. An
immediate consequence of this fact, however, is that there are only finitely many such
expressions, in contrast to the infinitely many holomorphic currents (2.19) in the bosonic
PCM, which are based on symmetric invariant tensors.
It is useful to pin-point the precise algebraic properties of the Ω and Λ tensors which
are relevant here. It can be shown that Ω vanishes whenever the symmetric tensor d in
(3.34) is of compound type. As a result, it is only the primitive part of d which contributes
to the expression for Ω and moreover Ω is independent (up to an overall factor) of how
this primitive tensor is chosen. The situation for Λ is only slightly more complicated. If
d is a compound tensor made up of just two primitive tensors, then Λ does not vanish,
but it reduces to a product of two Ω tensors. If d is compound and made up of three or
more primitive tensors, then Λ vanishes. These properties are explained in detail in an
appendix, section 9.
To gain a better understanding of the superspace conservation equations, we expand
them in component fields, using (3.19). Both kinds of conserved current are holomorphic,
and we distinguish their components with superscripts ± to indicate their behaviour under
the G-parity symmetry π. Thus
Ωa1a2...a2n+1J
a1
+ J
a2
+ . . . J
a2n+1
+ = F
−
n+ 1
2
+ (2n+1)θ+B−n+1 (3.37)
(the insertion of the factor (2n+1) proves convenient) where
F−
n+ 1
2
= Ωa1a2...a2n+1ψ
a1
+ ψ
a2
+ . . . ψ
a2n+1
+
= da1a2...anan+1h
a1
+ h
a2
+ . . . h
an
+ ψ
an+1
+ (3.38)
B−n+1 = Ωa1...a2na2n+1ψ
a1
+ . . . ψ
a2n
+ j
a2n+1
+
= da1a2...anan+1h
a1
+ h
a2
+ . . . h
an
+ j
an+1
+ (3.39)
The expansion of the other currents is more complicated:
Λa1...a2n−1a2nJ
a1
+ . . . J
a2n−1
+ J
a2n
++ = F
+
n+ 1
2
+ θ+B+n+1 (3.40)
where
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F+
n+ 1
2
= Λa1a2...a2n−1a2nψ
a1 . . . ψa2n−1ja2n+ −
1
2
iF−
n+ 1
2
= da1a2a3...an+1j
a1
+ ψ
a2
+ h
a3
+ . . . h
an+1
+ −
1
2
iF−
n+ 1
2
, (3.41)
B+n+1 = Λa1a2...a2n−1a2n( (2n−1)j
a1
+ j
a2n
+ + iψ
a1
+ ∂+ψ
a2n
+ )ψ
a2
+ . . . ψ
a2n−1
+ − (n−1)iB
−
n+1
= da1a2a3...an+1(nj
a1
+ j
a2
+ + iψ
a1
+ ∂+ψ
a2
+ )h
a3
+ . . . h
an+1
+ − (n−1)iB
−
n+1 (3.42)
(recall the bosonic quantity ha+ =
1
2
fabcψb+ψ
c
+).
In either family of conservation laws, the fermionic and bosonic currents have spins n+1
2
and n+1 respectively, and so the corresponding conserved charges have spins n− 1
2
and n
respectively. The fact that the currents are based on a primitive d-tensor of rank n+1 then
implies that the values of n are precisely the exponents of the algebra.
Little can be said at present about the effects of quantisation on these conservation
equations, although counting arguments can be used to demonstrate the persistence of
some of them [2], following the methods of [22, 23]. What is certain, however, is that (su-
per)conformal invariance will be broken in passing from the classical to the quantum SPCM,
and so one cannot expect the conservation equations to survive in (super)holomorphic form.
Now we have already seen that a typical non-holomorphic superspace conservation equation
(3.1) leads to a conserved bosonic charge without, in general, any fermionic partner. This
suggests that while the fermionic currents F± are relevant to understanding the classical
structure of the SPCM, it is the bosonic currents B± which are of more central importance
in the quantum theory.
A last word of caution should be added. It is quite possible for a pair of bosonic and
fermionic charges to arise from a non-holomorphic conservation law, and a familiar example
is provided by energy-momentum and its fermionic partner, supersymmetry. The classical
holomorphic equation (3.23) for the super-energy-momentum tensor will certainly receive
quantum modifications, and yet we expect that supersymmetry will also survive in the
quantum theory. Such behaviour is only possible when the non-holomorphic superspace
current has a very particular structure. For the case of the super-energy-momentum tensor,
this special structure is easily understood (as a consequence of Noether’s Theorem) and this
is explained in an appendix, section 7. We can see no reason to expect similar behaviour
for the superspace conservation equations of higher spin.
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3.5 Comparing the bosonic and supersymmetric PCMs
Essentially by construction, the super PCM reduces to the bosonic PCM when all fermions
are set to zero. The formulas for the conserved currents such as (2.22) and (3.31) seem
very similar superficially, but here the superspace notation and the fermionic character of
the current in the SPCM hide some profound differences. In the bosonic PCM there are
infinitely many holomorphic quantities (2.19). In the supersymmetric PCM we found two
distinct sets (3.33) and (3.35), each of them containing only finitely many holomorphic
quantities. Notice also that when we reduce the SPCM to the bosonic PCM by setting the
fermions to zero, all the currents B± and F± vanish, with the exception of B+2 (which is
of course the ++ component of the energy-momentum tensor). This begs a question: Are
there other conserved quantities in the SPCM which will reduce to any of the currents in
(2.19) when the fermions vanish? We will argue that there are not, but to do so we must
consider what possible forms such conservation equations might take, so as to be able to
phrase the question more precisely.
First observe that the series of holomorphic quantities Tr(jm+ ) in the bosonic PCM relies
on the form of the equation of motion of the current: ∂−j+ = (const.)[j+, j−]. It is actually
irrelevant for this purpose that j± is conserved. All that is important is that ∂−j+ can be
expressed as a commutator of j+ with some other field in the Lie algebra. In the SPCM,
the bosonic current j± is defined by (3.21). Any quantity of the form k+ = j+ + αψ
2
+ will
reduce to the conserved current component in the bosonic PCM when the fermions are
set to zero, and this is obviously the most general such polynomial in the current and the
fermions with spin 1. A precise way to pose the question of the last paragraph is now to
ask whether it is possible to find k− = j− + βψ
2
− such that
∂−k+ = γ[k−, k+] (3.43)
in the SPCM. This would be enough to ensure the existence of holomorphic quantities
Tr(km+ ) in the SPCM of the type we seek. After a short calculation, however, one finds
that such an equation implies an over-determined set of relations amongst the constants
α, β and γ, and there is no solution. Details of a more general calculation which includes
the effects of a WZ term are given in the next section.
One might object that the form assumed in (3.43) is already too restrictive. We can
avoid this assumption and still carry out a similar argument if we focus on the simplest
example of currents of spin 3 (in the SPCM based on su(N) for example). Thus, we can
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consider the most general (GL×GR)-invariant polynomial in the fields j+ and ψ+ with this
spin, and ask whether it can ever be holomorphic. It actually suffices to consider
Tr(j3+) + αTr(j
2
+ψ
2
+) (3.44)
since the only other possible terms are Tr(j+ψ+j+ψ+) = 0 identically, by Fermi statistics
and cyclicity of the trace, and Tr(j+ψ
4
+), which we already know to be holomorphic, and
which is therefore of no help in achieving our goal. Once again an explicit calculation
reveals that there is no choice of α for which the expression above is holomorphic (see also
the following section).
These results may seem unexpected, but in fact similar behaviour is known to occur
in other integrable models and their supersymmetric extensions. Specifically, for bosonic
conformal Toda theories, and their (1,0) supersymmetric extensions [26], one finds [27] that
the higher-spin conserved quantities generating the W-algebra of the bosonic theory have
no generalisations (in a suitably precise sense, similar to the ones above). Here, as there,
it would appear that an ‘interference’ arises between supersymmetry and the existence
of currents with non-trivial spin. The ultimate implications for these models are rather
different however. In the (1,0) Toda theories, no other conserved quantities are known, and
it was conjectured on this basis that these supersymmetric extensions are not integrable
[27]. In the SPCM there are higher-spin local (as well as non-local) conserved quantities
which guarantee integrability. As we have seen, these are genuinely new features of the
SPCM in the sense that they do not reduce to the familiar conserved quantities of the
bosonic PCM when the fermions are set to zero.
3.6 The effect of a WZ term and the special nature of the WZW points
So far we have dealt exclusively with the SPCM, allowing us to keep the presentation as
simple as possible. We now discuss briefly the modifications which arise on adding a WZ
term, which can easily be constructed in superspace, as in e.g. [20]. The effect of a suitably
normalised WZ term with coefficient λ is to modify the equation obeyed by the currents
J± = −iG
−1D±G so that it becomes
(1− λ)D+J− − (1 + λ)D−J+ = 0 . (3.45)
Adopting the same component field definitions as before, we find, after eliminating the
auxiliary field,
(1 + λ)∂−j+ + (1− λ)∂+j− = 0 where j± = −g
−1∂±g − iψ
2
± (3.46)
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and
∂∓ψ± +
1
2
(1∓ λ)[g−1∂∓g, ψ±] +
i
4
(1− λ2)[ψ2∓, ψ±] = 0 . (3.47)
The construction of the two sets of superfield currents in (3.33) and (3.35) is completely
unaffected, no matter what the value of λ.
Some important qualitative differences arise at the critical values of the coupling λ =
±1 which define super WZW theories. For λ = 1, for instance, the current becomes
super-holomorphic: D−J+ = 0. This means of course that there is a simplified superfield
expansion J+ = ψ++θ
+j+ with ∂−ψ+ = ∂−j+ = 0. These holomorphic equations of motion
arise in conjunction with the super Kac-Moody symmetry of the critical theory [20, 21].
Earlier we stated that there was no natural way to generalise the local conservation
laws of the bosonic PCM to the SPCM by using an equation such as (3.43), or by looking
for a holomorphic quantity such as (3.44). These same calculations can be carried out
more generally in the PCWZM and its supersymmetric counterpart, and it is instructive
to elaborate on the details.
First we use (3.46) and (3.47) to find
∂−j+ = −
1
2
(1−λ)[j+, j−]−
i
4
(1−λ)2[j+, ψ
2
−] +
i
4
(1−λ2)[j−, ψ
2
+] +
1
4
(1−λ)(1−λ2)[ψ2+, ψ
2
−]
(3.48)
Now we apply this expression together with (3.47) to calculate both sides of
∂−k+ = γ[k−, k+] where k+ = j+ + iαψ
2
+, k− = j− + iβψ
2
− . (3.49)
Comparing coefficients of like terms on the left- and right-hand sides gives the relations
γ = 1
2
(1− λ)
βγ = 1
4
(1− λ)2
αγ = 1
2
α(1− λ) + 1
4
(1− λ2)
αβγ = 1
2
α(1− λ) + 1
4
(1− λ2)(1− λ− α)
Substituting for γ from the first equation into the third reveals that the equations are
consistent only for λ2 = 1, the super WZW points. Thus if λ 6= ±1, including the super
PCM with λ = 0, then there is no relation of the type we seek.
If λ = 1, the general solution is γ = 0, with α, β arbitrary. We then recover from (3.49)
the familiar conditions ∂−j+ = ∂−ψ+ = 0. If λ = −1, the general solution is γ = β = 1
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and α arbitrary. This is also as expected, because at this second WZW point it is the
left-transforming quantities gj+g
−1, and gψ+g
−1 which should be holomorphic, and thus
each of them should satisfy ∂−(gXg
−1) = 0, or equivalently, ∂−X+[g
−1∂−g,X ] = 0, which
is indeed the content of (3.49). The solutions for λ = ±1 are therefore less surprising than
the lack of solutions for λ 6= ±1.
In a similar fashion, we can examine the possibility of a holomorphic quantity of the
form (3.44). Using (3.48) and (3.47) it is a simple matter to calculate ∂−Tr(j
3
+) and
∂−Tr(j
2
+ψ
2
+). Both expressions have an overall factor of (λ
2 − 1), and the coefficients of
like terms cannot be matched except when this vanishes. Thus, supersymmetry does not
allow a generalisation of such a spin-3 current, except in the super WZW models.
We drew attention previously to the fact that the bosonic WZW theory (with λ = 1
say) contains an enlarged set of holomorphic currents polynomial in ja+. Similarly, for the
super WZW theory (with λ = 1) the currents (3.33) and (3.35) exist within a much larger
set of holomorphic quantities consisting of arbitrary polynomials in both ja+ and ψ
a
+. The
holomorphic currents in the bosonic WZW theory obviously extend immediately to the
super WZW theory. This simple relationship between these enlarged sets of conserved
quantities in the critical theories is of course responsible for the solutions to (3.49) found
at λ = ±1. By contrast, our results indicate that there is no simple connection between
the conserved quantities in the PCWZM and its super-extension at non-critical coupling
λ 6= ±1.
3.7 Non-local charges
The non-local charges for a supersymmetric sigma model may be constructed [24] in com-
ponent formalism using a rather complicated generalisation of the iterative procedure de-
scribed earlier for the bosonic case. The result is again YL×YR: there are no new fermionic
superpartners for the charges. The construction looks neater in the superfield formalism
[25], where it is a natural extension of the bosonic case, and the lack of superpartners is
accounted for by the general discussion we gave in section 3. Here we include the effect of
a superspace WZ term, λ 6= 0.
We define a superspace connection acting on any bosonic quantity X in the Lie algebra
(if X is fermionic we replace the commutator with an anti-commutator):
∇±X = (1± λ) (D±X + i[J±, X ]) ⇒ {∇+,∇−} = 0 ,
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by virtue of (3.15). From this we can define an infinite family of superfield currents J
(r)
±
for r = 0, 1, 2 . . . which will be conserved:
D−J
(r)
+ −D+J
(r)
− = 0 ⇔ J
(r)
± = ±D±X
(r), (3.50)
for some scalar superfields X(r). The first two currents are
J
(0)
± = (1± λ)J± , J
(1)
± = (1± λ)(D±X
(0) − 1
2
[J±, X
(0)] ) (3.51)
whose conservation follows from (3.45) and (3.15). The remaining currents are defined by
(3.50) and
J
(r)
± = ∇±X
(r−1) r > 1. (3.52)
It is easy to prove by induction that these are conserved: if this holds for all r ≤ n then
D−J
(n+1)
+ −D+J
(n+1)
− = (D−∇+ −D+∇−)X
(n)
= −(∇+D− −∇−D+)X
(n)
= ∇+J
(n)
− +∇−J
(n)
+
= {∇+,∇−}X
(n−1) (n > 1)
= 0 .
The corresponding non-local conserved charges are given by
Q(n) =
∫
(dx+ dθ+ J
(n)
+ − dx
−dθ− J
(n)
− )
=
∫
(dx+ j
(n)
+ − dx
− j
(n)
− ) + θ
−
∫
dx+∂+α
(n)
− − θ
+
∫
dx−∂−α
(n)
+
and it may be checked that α
(n)
± → 0 as x→ ±∞. (Our notation for current components
was introduced in (3.2).) The first two examples are
Q(0)a =
∫
dx j
(0)a
0 (x) (3.53)
Q(1)a =
∫
dx
(
j
(0)a
1 (x) + λj
(0)a
0 (x) +
i
2
(
(1−λ)2ha− − (1+λ)
2ha+
)
−
1
2
fabc
∫ x
dy j
(0)b
0 (x)j
(0)c
0 (y)
)
.
When λ = 0 we make the link with the first paper of [24] by pointing out that, comparing
with their eqns. (2.12, 3.9), their B± equals our
1
2
ih±.
When λ = 0 it is a straightforward though cumbersome calculation to show that the
non-local charges defined above commute with all four sets of local charges obtained from
(3.38-3.42); see the appendix, section 8. We have not attempted this calculation for λ 6= 0.
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4 Classical current algebra and commuting local charges in the
SPCM
In the last section we constructed local, holomorphic superspace currents (3.33) and (3.35)
in the classical SPCM. Each such current gave a pair of fermionic and bosonic holomorphic
currents F±n+1/2 and B
±
n+1 in ordinary space. Our aim now is to analyse and understand the
properties of these currents at a level comparable to our treatment of the bosonic PCWZM
in section 2. Thus our first goal will be to compute the Poisson bracket (PB) algebra of
a certain class of currents. Using these results, we will then search for commuting sets of
charges.
To carry out the Poisson bracket calculations, it proves convenient to introduce the
modified currents
ˆ+ = j+ +
3
2
ih+ , ˆ− = j− +
1
2
ih+ +
1
2
ih− (4.1)
By construction, these have vanishing PBs with the fermions ψ+. They can be shown to
obey
{ˆa+(x), ˆ
b
+(y)} =
1
2
fabc
(
3ˆc+(x)− ˆ
c
−(x)
)
δ(x−y) + 2 δabδ′(x−y)
{ˆa+(x), ˆ
b
−(y)} =
1
2
fabc
(
ˆc+(x) + ˆ
c
−(x) +
1
2
ihc−(x)
)
δ(x−y) . (4.2)
We will also need the fermion equation of motion
∂−ψ+ =
1
2
[ˆ−, ψ+] ⇒ ∂+ψ+ = 2ψ
′ +
1
2
[ˆ−, ψ+] (4.3)
to express all currents in terms of good canonical variables, involving only space derivatives
of the fermions.
4.1 Poisson bracket algebra for currents built from symmetric traces
Following the same route as for the bosonic PCM, we shall investigate currents built from
symmetric-trace type invariants. In principle all others can be expressed in terms of these
(albeit in a rather inconvenient, non-polynomial way for the case of the Pfaffian invariant).
After substituting in favour of the modified quantities just introduced, the odd-parity
currents are:
F−
m+ 1
2
= sa1...amam+1h
a1
+ . . . h
am
+ ψ
am+1
+ = Tr(ψ
2m+1
+ )
B−m+1 = sa1...amam+1h
a1
+ . . . h
am
+ ˆ
am+1
+ = Tr(ψ
2m
+ ˆ+) . (4.4)
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The even-parity currents are considerably more complicated:
F+
m+ 1
2
= sa1...amam+1h
a1
+ . . . h
am
+
(
ˆ
am+1
+ −
1
2
iψ
am+1
+
)
= Tr(ψ2m−1+ ˆ+)−
i
2
F−
m+ 1
2
(4.5)
B+m+1 = sa1...amam+1
(
2iψa1+ ψ
′a2
+ − ih
a1
+ ˆ
a2
− +mˆ
a1
+ ˆ
a2
+ − (m−1)ih
a1
+ ˆ
a2
+
)
ha3+ . . . h
am+1
+
= 2iTr(ψ2m−1+ ψ
′
+)− iTr(ψ
2m
+ ˆ−) +
m−1∑
r=0
Tr(ψ2r+ ˆ+ψ
2m−2−2r
+ ˆ+)− (m−1)iB
−
m+1 . (4.6)
To calculate the PBs of these currents one can begin in the obvious way, by repeated
application of the Leibnitz rules. The resulting expressions can be simplified by the use
of completeness conditions in the relevant Lie algebra. In particular, if X is any element
of so(N) or sp(N) then Xm also belongs to the Lie algebra when m is odd, and hence
Tr(Xmtc)Tr(Y tc) = −Tr(XmY ) for any Y . The algebra su(N) works a little differently,
since the matrix must be traceless in order to apply the completeness condition. In this case
we can write instead Tr(Xmtc) = Tr((Xm − 1
N
Tr(Xm)1 )tc) and then Tr(Xmtc)Tr(Y tc) =
−Tr(XmY ) + 1
N
TrXmTrY for any integer m. To obtain the results given below it is also
necessary to take particular care with Fermi statistics and combinatoric factors, and to
make use of the cyclic properties of the trace to show that certain terms vanish.
The simplest brackets to calculate are those of the odd-parity currents amongst them-
selves, which can be shown to vanish:
{F−
m+ 1
2
(x),F−
n+ 1
2
(y)} = 0
{F−
m+ 1
2
(x),B−n+1(y)} = 0
{B−m+1(x),B
−
n+1(y)} = 0 (4.7)
For the odd-parity with even-parity currents we find:
{F−
m+ 1
2
(x),F+
n+ 1
2
(y)} = (2m+1)iB−m+n δ(x−y)
{B−m+1(x),F
+
n+ 1
2
(y)} = −2F−
m+n− 1
2
δ′(x−y)−
2(2n−1)
2m+2n−1
F− ′
m+n− 1
2
δ(x−y)
{F−
m+ 1
2
(x),B+n+1(y)} = −2(2m+1)F
−
m+n− 1
2
δ′(x−y)−
4n(2m+1)
2m+2n−1
F− ′
m+n− 1
2
δ(x−y)
{B−m+1(x),B
+
n+1(y)} = −4(m+n)B
−
m+n δ
′(x−y)− 4nB− ′m+n δ(x−y) (4.8)
where for clarity we have omitted the argument x from all currents appearing on the right-
hand side. The most difficult brackets to calculate are those of the even parity currents
with themselves. After some effort we obtain the results:
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{F+
m+ 1
2
(x),F+
n+ 1
2
(y)} = iB+m+nδ(x−y) +
1
N
[
−iB−mB
−
n + 2F
−
m− 1
2
F− ′
n− 1
2
]
δ(x−y)
+
2
N
F−
m− 1
2
F−
n− 1
2
δ′(x−y)
{F+
m+ 1
2
(x),B+n+1(y)} = −2(2m+2n−1)F
+
m+n− 1
2
δ′(x−y)− 4nF+ ′
m+n− 1
2
δ(x−y)
+
4n
N
[
1
2n−1
B−mF
− ′
n− 1
2
+ F−
m− 1
2
B− ′n
]
δ(x−y).
+
1
N
[
2B−mF
−
n− 1
2
+ 4nF−
m− 1
2
B−n
]
δ′(x−y)
{B+m+1(x),B
+
n+1(y)} = −4(m+n)B
+
m+nδ
′(x−y)− 4nB+ ′m+nδ(x−y)
+
1
N
[
8nmB−mB
− ′
n −
8ni
(2n−1)(2m−1)
F− ′
m− 1
2
F− ′
n− 1
2
+
8ni
2n−1
F−
m− 1
2
F− ′′
n− 1
2
]
δ(x−y)
+
1
N
[
8nmB−mB
−
n −
4i
2m−1
F− ′
m− 1
2
F−
n− 1
2
+
4i(4n−1)
2n−1
F−
m− 1
2
F− ′
n− 1
2
]
δ′(x−y)
+
4i
N
F−
m− 1
2
F−
n− 1
2
δ′′(x−y) (4.9)
Once again, all fields on the right-hand side are at argument x. The terms with 1/N
coefficients occur only for the algebra su(N), since for the other algebras m and n are
always odd.
Important consistency checks of these complicated calculations come from supersymme-
try. The current F+3/2 is precisely the Noether current for supersymmetry, and so
∫
dx {F+3/2, X},
where X is some current F±n+1/2 or B
±
n+1, must reproduce the transformations (3.10) applied
to these quantities. (In comparing the results one should remember that ∂−α = 0 implies
∂+α = 2α
′.) An even more powerful restriction arises if we take X to be a Poisson
bracket of currents. Let us suppose (using an obvious notation) that we have calculated
a PB of the form {F1(x),F2(y)}. We can work out its variation under supersymmetry
directly, but by the Leibnitz rule for PBs this is also proportional to the combination
{B1(x),F2(y)} − {F1(x),B2(y)}, giving a non-trivial relationship between the latter two
brackets. Similarly, if we have calculated {B1(x),F2(y)}, we can apply supersymmetry
to relate {B1(x),B2(y)} to {F
′
1(x),F2(y)}. All the results above are consistent with such
considerations.
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4.2 Commuting charges—by direct calculation
We will now search for commuting sets of bosonic conserved charges, beginning from
B−n =
∫
dxB−n+1(x) , B
+
n =
∫
dxB+n+1(x)
based on the symmetric trace invariants used in the current algebra above.
There are a number of reasons why it seems natural not to consider fermionic charges in
the same way. For one thing, we explained in the last section that it is quite possible for
a bosonic charge to survive quantisation without being accompanied by a superpartner.
Even if a fermionic charge were to survive quantisation along with its bosonic partner, it is
not clear that it is very interesting to find ‘commuting’ sets. This is because ‘commuting’
for these classical charges really means ‘vanishing graded Poisson brackets’, and if such
an algebra is unmodified quantum-mechanically, the fermionic charges will obey F 2 = 0.
In a quantum theory with a positive-definite Hilbert space, such charges can only be
represented trivially. One might then be prompted to consider other possibilities for the
fermionic charge algebra, with F 2 6= 0, and indeed such behaviour is evident already at
the classical level in the PBs of the currents F+n+1/2. These are in some sense higher-spin
versions of supersymmetry, with F 2 ∼ B (schematically). While such possibilities are
certainly interesting, they lie beyond our immediate goals in this paper.
Let us turn then to the PB algebra of the bosonic charges which is easily found to be
{B−m, B
−
n } = 0
{B−m, B
+
n } = 0
{B+m, B
+
n } =
8mn
N
∫
dx
(
B−mB
− ′
n −
2i
(2m−1)(2n−1)
F− ′
m− 1
2
F− ′
n− 1
2
)
(4.10)
The terms on the right-hand-side vanish for the algebras so(N) and sp(N), though not
for su(N). This is highly reminiscent of the problems we were faced with in the bosonic
theory. A further similarity is that our discussion so far is based on trace-type invariants,
and so omits the Pfaffian in so(2ℓ).
Taking the same approach as before, we will first search for modifications of the even-
parity currents which will yield commuting charges for g = su(N). The simplest possibility
is to add terms bilinear in currents B−m and F
−
m−1/2, since these will naturally provide
contributions with the same structure as the unwanted terms we are hoping to cancel. In
29
addition the trivial PBs of the negative parity currents implies that such modifications will
not spoil the desirable property that the second bracket in (4.10) vanishes.
Starting from a general ansatz, one finds after some algebra that the new currents
K+m+1 = B
+
m+1 −
m
N
m−1∑
p=2
B−p B
−
m−p+1 −
m
N
m−1∑
p=2
2i
(2p−1)(2m−2p+1)
F−
p− 1
2
F− ′
m−p+ 1
2
(4.11)
have exactly the desired properties: i.e. the corresponding charges K+n =
∫
dxK+n+1 obey
{B−m, B
−
n } = {B
−
m, K
+
n } = {K
+
m, K
+
n } = 0 .
These equations represent a highly over-determined system of conditions for the coefficients
of the new terms, so it is quite non-trivial that these have the correct properties. In fact
the result applies not just for su(N), but also for so(N) and sp(N), with the 1/N in the
formulas above replaced by an arbitrary real number. This further reinforces the analogy
with the bosonic case.
It is natural to ask whether the additional terms correspond to anything simple in terms
of the invariant tensors underlying the conserved currents. The change from B+m+1 to K
+
m+1
actually amounts to a replacement
Λ(2m)a1...a2m → Λ
(2m)
a1...a2m
−
1
N
m−1∑
p=2
Ω
(2p−1)
[a1...a2p−1
Ω
(2m−2p+1)
a2p...a2m−1]a2m
(4.12)
which is easily checked for the fermionic terms in (4.11) (up to some irrelevant total deriva-
tives) and which can be verified for the bosonic modifications too. Using detailed relation-
ships between the invariant tensors which are derived in one of the appendices, section 9,
this is found to correspond to a replacement of the underlying symmetric tensor
s(m+1)a1...am+1 → k
(m+1)
a1...am+1 ,
precisely the set introduced in our treatment of the bosonic PCWZM in section 2.
While this may seem very satisfactory, we must emphasise that the k-tensors were in-
troduced in the bosonic theory to simplify the algebra of charges resulting from (2.29). A
priori, there is no reason to expect such a direct link with the considerably more compli-
cated current algebra (4.9) and it is therefore puzzling why the k-tensors should provide
the required simplification in the SPCM too. In the next section we shall resolve this
puzzle by establishing a link with the earlier, bosonic, current algebra. This approach also
has the advantage of working for a general invariant tensor, so that the Pfaffian charge in
so(2ℓ) can be treated in exactly the same way as the other primitive invariants.
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4.3 Commuting charges—by comparison with bosonic PCM
It is convenient to modify our notation very slightly. We now take ka1a2...anan+1 to be
any of the symmetric invariant tensors introduced in section 2 via (2.33), or the Pfaffian
invariant in so(2ℓ) (previously written p in (2.25)). This means that the k-tensors are now
a complete set of primitive invariants for any algebra. Now denote the bosonic currents
(3.39) and (3.42) with d(n+1) = k(n+1), by K−n and K
+
n respectively. The corresponding
charges will be written
K−n =
∫
dxK−n+1(x) =
∫
dxka1a2...an+1 ˆ
a1
+ h
a2
+ . . . h
an+1
+
and
K+n =
∫
dxK+n+1(x) = Un + Vn +Wn − i(n−1)K
−
n
where
Un = 2i
∫
dx ka1a2...an+1ψ
a1
+ ψ
a2
+
′ha3+ . . . h
an+1
+ ,
Vn = n
∫
dx ka1a2...an+1 ˆ
a1
+ ˆ
a2
+ h
a3
+ . . . h
an+1
+ ,
Wn = −i
∫
dx ka1a2...an+1 ˆ
a1
− h
a2
+ . . . h
an+1
+ .
(Since the Ω tensors are unique, K−n is identical to B
−
n of the last subsection when the
underlying k-tensor is not the Pfaffian.) We will prove below that these charges commute:
{K−m, K
−
n } = {K
−
m, K
+
n } = {K
+
m, K
+
n } = 0 . (4.13)
One useful approach to these rather complicated calculations is to introduce the quan-
tities
Ha = ha+ + αˆ
a
+ and H˜
a = ha+ + βˆ
a
−
and to observe that
K−n =
1
n+1
∫
dx ka1a2...an+1H
a1Ha2 . . .Han+1
∣∣∣
α
(4.14)
Vn =
2
n+1
∫
dx ka1a2...an+1H
a1Ha2 . . .Han+1
∣∣∣
α2
(4.15)
Wn = −
i
n+1
∫
dx ka1a2...an+1H˜
a1H˜a2 . . . H˜an+1
∣∣∣
β
(4.16)
This provides a convenient way of handling the various combinatorial issues which arise.
Furthermore, the PB algebra of the new currents has a structure similar to that encountered
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in the bosonic PCM:
{Ha(x),Hb(y)} = fabc
(
ihc+ +
1
2
α2(3ˆc+ − ˆ
c
−)
)
δ(x−y) + 2α2δabδ′(x−y) (4.17)
{Ha(x), H˜b(y)} = fabc
(
ihc+ +
1
2
αβ(ˆc+ + ˆ
c
−) +
1
4
αβihc−
)
δ(x−y)
The simplest computation is the bracket of two odd-parity charges, K−m and K
−
n , which
is proportional to
{ ∫
dx ka1a2...am+1H
a1Ha2 . . .Ham+1 ,
∫
dy kb1b2...bn+1H
b1Hb2 . . .Hbn+1
} ∣∣∣
α2
The only surviving contribution is
∫
dx k(m+1)a1a2...amc h
a1
+ h
a2
+ . . . h
am
+ k
(n+1)
b1...bn−1bnc
hb1+ . . . h
bn−1
+ h
bn ′
+
but this integrand vanishes due to invariance of the k-tensors, taken together with the fact
that ha+ =
1
2
fabcψb+ψ
c
+. Indeed, if the expression is re-written in terms of Ω tensors, its
vanishing is equivalent to the identity
Ω
(2m+1)
c[a1...a2m
Ω
(2n+1)
b1...b2n−1]b2nc
= 0 .
(This can be proved by writing the Ω-tensors as in (9.8) and using the invariance condition
(9.2).) Thus {K−m, K
−
n } = 0, as claimed.
Turning next to the bracket of K−m with K
+
n , it suffices to consider the brackets of the
odd-parity charge with Un, Vn and Wn. For the first of these, we need a lemma:
{Un, h
a
+(x)} = {Un,H
a(x)} = −4(ka1...anah
a1
+ . . . h
an
+ )
′(x) .
Then from (4.14) we find
{K−m, Un} =
∫
dx 4mnk(m+1)a1...am−1amc h
a1
+ . . . h
am−1
+ ˆ
am
+ k
(n+1)
b1...bn−1bnc
hb1+ . . . h
bn−1
+ h
bn ′
+ .
The remaining brackets we need are
{K−m, Vn} = −
∫
dx 4mnk(m+1)a1...am−1amc h
a1
+ . . . h
am−1
+ h
am ′
+ k
(n+1)
b1...bn−1bnc
hb1+ . . . h
bn−1
+ ˆ
bn
+
+
∫
dxn k(m+1)a1...ama h
a1
+ . . . h
am
+ k
(n+1)
b1...bn−1bnb
hb1+ . . . h
bn−1
+ ˆ
bn
+ f
abcˆc−
which follows from (4.14) and (4.15), and
{K−m,Wn} = −
∫
dxmnk(m+1)a1...am−1amah
a1
+ . . . h
am−1
+ ˆ
am
+ k
(n+1)
b1...bn−1bnb
hb1+ . . . h
bn−1
+ ˆ
bn
− f
abchc+
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which follows from (4.14) and (4.16). In each of these calculations it is necessary to make
extensive use of the invariance conditions for the k-tensors. These same conditions then
imply that the total contribution is
{K−m, K
+
n } = {K
−
m, Un}+ {K
−
m, Vn}+ {K
−
m,Wn} = 0 .
Finally we come to the lengthiest calculation: the bracket of two even-parity charges.
Given the properties of the odd-parity charges, it suffices to consider the brackets of the
quantities U , V and W amongst themselves, presenting us with six different expressions
to evaluate. Some of these are very similar to the calculations we have already sketched
above. In particular, we find {Wm,Wn} = {Um,Wn} + {Wm, Un} = 0. The non-trivial
contributions can then be usefully divided into two: the terms
{Vm, Vn}+ {Um, Vn}+ {Vm, Un}+ {Wm, Vn}+ {Vm,Wn} (4.18)
which can be treated using the formulas (4.15) and (4.16) together with the lemma in-
troduced earlier; and a single remaining term {Um, Un} which must be evaluated by other
means. We will now show that both sets of terms vanish, by comparing with the known
results for the bosonic models.
After some work it can be shown that (4.18) is equal to
4
(m+1)(n+1)
{ ∫
dx ka1a2...am+1H
a1Ha2 . . .Ham+1 ,
∫
dy kb1b2...bn+1H
b1Hb2 . . .Hbn+1
} ∣∣∣
α4
This expression obviously contains one of the desired brackets, {Vm, Vn}, but it also gen-
erates other terms which turn out to match exactly the remaining contributions in (4.18).
Now we need only compare the current algebra (4.17) of the Ha with (2.17) in the bosonic
PCM to understand why this expression vanishes. Exactly the same arguments (as given
in section 2 and [1]) ensure that the ultralocal terms will not contribute, and so we have
the same charge algebra as for the bosonic PCM, up to an overall constant arising from the
coefficients of the δ′ terms. The tensors k were chosen precisely to ensure that the charge
PBs vanished in the bosonic PCM. Hence (4.18) also vanishes.
To complete the computation of the even-parity charge brackets it remains to consider
{Um, Un} = −16mni
∫
dx k
(m+1)
a1...am−1bc
k
(n+1)
am...am+n−2dc
ha1+ . . . h
am+n−2
+ ψ
′b
+ψ
′d
+ ,
which is once again arrived at by extensive use of invariance conditions. The antisymmetry
in b and d imposed by ψ
′b
+ψ
′d
+ allows us to write this, up to a factor, as∫
dx k
(m+1)
(a1...am−1b
c
k
(n+1)
am...am+n−2)dc
ha1+ . . . h
am+n−2
+ ψ
′b
+ψ
′d
+ .
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But now recall that the vital property of the k-tensors that guarantees commuting charges
in the bosonic PCM can be expressed as (2.39). This immediately implies that the bracket
{Um, Un} vanishes.
We have now established (4.13). Notice that most of the arguments—including all those
underlying the vanishing of the PBs of the odd-parity charges—did not involve any special
property of the k-tensors (beyond their invariance). The special nature of the k tensors was
used at precisely two points above in showing that the even-parity charges have vanishing
PBs too. In making comparisons with the current algebra of the bosonic PCM, we have
clarified why the same tensors arise in the SPCM.
5 Summary and conclusions
In the bosonic PCWZM, there are infinitely many holomorphic conservation laws (2.19)
based on symmetric invariant tensors. From amongst this set, it is possible to define
commuting local charges based on the particular symmetric tensors k defined in section 2.
There is an infinite sequence for each primitive invariant, with spins repeating modulo the
Coxeter number of the algebra. All this is completely independent of the coefficient of the
WZ term.
In the supersymmetric versions of these models10, there are finitely many independent
holomorphic conservation laws (3.33,3.35). As explained in section 3, they are based on
antisymmetric invariant tensors, which can nevertheless be related to symmetric primitive
invariants in the algebra. This leads to bosonic conserved charges with spins exactly equal
to the exponents, but with no repetition modulo the Coxeter number. These charges
commute with one another when the symmetric invariants are chosen to be precisely the
same tensors k that arose in the bosonic theory.
There is no direct relationship between the currents (2.19) and (3.33,3.35) and in fact
the latter vanish when the fermions are set to zero. A simple and direct relationship exists
only between much larger sets of holomorphic currents which are special features of the
WZW and super WZW models. A rather subtle indirect relationship can be established
between the underlying current algebras (2.29) and (4.7)-(4.9), however, which explains the
importance of the same set of tensors k for both the bosonic and supersymmetric theories.
10We discussed mainly the SPCM, but the extension to the supersymmetric PCWZM should be obvious
in view of our detailed treatment of the bosonic theories.
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6 Appendix: Poisson brackets in the PCWZM and SPCM
A general σ-model with WZ term can be described by a lagrangian of the form
L =
1
2
gij(φ) ∂µφ
i ∂µφj +
1
2
bij(φ) ε
µν ∂µφ
i ∂νφ
j (6.1)
=
1
2
gij(φ) ( φ˙
i φ˙j − φ′ i φ′ j ) + bij(φ) φ˙
i φ′ j (6.2)
where φi are coordinates on some target manifold equipped with a metric gij(φ) and anti-
symmetric tensor field bij(φ). The momenta conjugate to the fields φ
i are
πi = πˆi + bijφ
′ j where πˆi = gijφ˙
j
by definition. These obey the standard non-vanishing equal-time PBs
{φi(x), πj(y) } = δ
i
j δ(x−y) .
A short calculation reveals that
{πˆi(x), πˆj(y)} = hijk φ
′k δ(x−y) where hijk = ∂ibjk + ∂jbki + ∂kbij
Now consider a (non-conserved) current
Eaµ = E
a
i ∂µφ
i
where Eai (φ) are vielbeins on the target manifold satisfying
Eai E
a
j = gij
In terms of the canonical coordinates φi and πi we have
Ea0 = E
a
i g
ijπˆj , E
a
1 = E
a
i φ
′ i .
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The PB algebra of these currents can now be calculated routinely, although the general
result requires some effort and is not particularly illuminating.
Important simplification occurs for the special case of a group manifold, with currents
defined by the (right-transforming) vielbeins
Eai = Tr(t
ag−1∂ig) , obeying ∂[iEj] = E[iEj] .
Let us also choose the WZ term to be related to the structure constants
hijkEai E
b
jE
c
k = −λf
abc
with λ some constant. This is precisely the PCWZM defined, in different notation, in the
main text. For this case, the results of the current algebra calculations simplify to give
{Ea0 (x), E
b
0(y)} = f
abc (Ec0 − λE
c
1 ) δ(x−y)
{Ea0 (x), E
b
1(y)} = f
abcEc1 δ(x−y) + δ
abδ′(x−y)
{Ea1 (x), E
b
1(y)} = 0
Notice that the only effect of the WZ term is the contribution proportional to the constant
λ. Translating to light-cone components gives
{Ea±(x), E
b
±(y)} =
1
2
fabc ( (3∓λ)Ec± − (1∓λ)E
c
∓ ) δ(x−y) ± 2δ
′(x−y)
{Ea+(x), E
b
−(y)} =
1
2
fabc ( (1−λ)Ec+ + (1+λ)E
c
− ) δ(x−y)
In the PCWZM the conserved current has components j± = j0±j1 = (1±λ)(E0±E1) =
(1± λ)E±. The expressions given in the main text, with κ = 1, now follow immediately.
Now we consider the supersymmetric PCM, using the same notation for coordinates φi
and vielbeins Eai on the group as above, but with fermions ψ
a
± valued in the Lie-algebra (i.e.
carrying tangent-space indices) as in the main text. To determine the Poisson brackets,
only the terms in the lagrangian involving time derivatives of the fields are important. After
re-writing the couplings Tr(ψ±[g
−1∂∓g, ψ±]) in coordinate notation, the only relevant terms
are
1
2
gij(φ) φ˙
i φ˙j +
i
2
ψ+ψ˙+ +
i
2
ψ−ψ˙− +
i
2
Eaj φ˙
j(ha+ + h
a
−)
The brackets amongst the fermions are just those of a free theory, with the standard
normalizations for real fermions. Moreover, they have vanishing brackets with the fields φi
and with their conjugate momenta
πi = πˆi +
i
2
Eai (h
a
+ + h
a
−) where πˆi = gijφ˙
j
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The conserved currents in the SPCM have spacetime components
ja0 = E
a
i φ˙
i −
i
2
(ha+ + h
a
−) = E
a iπi − i(h
a
+ + h
a
−) (6.3)
ja1 = E
a
i φ
′ i −
i
2
(ha+ − h
a
−) (6.4)
It is now straightforward to calculate the algebra by comparing with the result for the
bosonic PCM (λ = 0) above, and using the results (3.28) for the fermions. One finds
(3.24) together with
{ja0 (x), ψ
b
±(y)} = f
abcψc±δ(x−y) , {j
a
1 (x), ψ
b
±(y)} = ±
1
2
fabcψc±δ(x−y) .
Changing to light-cone components gives the expressions quoted in the text.
By combining the approaches above, the Poisson brackets of the super PCWZM can be
calculated in a similar fashion.
7 Appendix: Conservation laws in superspace
The superspace conservation equation (3.1) has component content (3.3)-(3.6). Only the
first of these equations represents a conservation law, in general. For the special case of
a holomorphic current, however, there is an additional conserved quantity as in (3.9) and
the pair are related by supersymmetry (3.11). The first issue we wish to clarify here is
how such a superpartner can arise in more general circumstances, including necessary and
sufficient conditions for this to happen.
In order for (3.4) to give an additional conservation law we require that β− = −∂+ω−−−
for some (spin-3/2) fermion ω−−−, so that
∂−α+ + ∂+ω−−− = 0 ⇒ F
+ =
∫
(dx+α+ + dx
−ω−−−) (7.1)
is a new conserved charge, which is related to B in (3.7) by supersymmetry. But by
applying a supersymmetry transformation, we find that the constraint β− = −∂+ω−−− is
consistent only if v = −∂+k−, for some (spin-1) boson k−. Taken together, these imply
J− = −iD+K− , where K− = k− + iθ
+α− + iθ
−ω−−− + iθ
+θ−j− . (7.2)
Thus a necessary and sufficient condition for the existence of a conserved charge F+ whose
variation under Q+ gives B, is that we can write J− = −iD+K− for some superfield K−.
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The holomorphic case corresponds to the simplest possibility K− = 0. There is also the
independent possibility that we can construct a superpartner charge F− related to B by
Q−, which arises if and only if J+ = −iD−K+ for some superfield K+.
Notice that when (7.2) is satisfied, we can re-express (3.1) in the form
D−(iθ
+J+)−D+(iθ
+J− −K−) = 0 . (7.3)
This is also a superspace conservation equation, but the current components are not su-
perfields. We can construct a conserved quantity from this new equation by using the
standard formulas in (3.7), and the result is F+. Our previous arguments ensuring invari-
ance under supersymmetry of the conserved charge B do not apply to F+, because the
current components in (7.3) involve θ explicitly.
It is helpful to compare this with symmetries in ordinary (non-super) spacetime. Any
charge constructed entirely from fields, such as a momentum generator or an internal sym-
metry generator, must commute with translations. But charges which involve explicit
dependence on x-coordinates, such as Lorentz generators, will not commute with trans-
lations. Similarly, in superspace, any charge constructed entirely from superfields will
necessarily commute with supersymmetry. But charges involving explicit θ-dependence
will not.
The second issue we would like to elaborate on is how this discussion applies to energy-
momentum and supersymmetry. As a consequence of translation invariance, Noether’s
Theorem guarantees the existence of a superfield conservation law of the general form
(3.1) with the bosonic charge B being energy-momentum along some particular direction.
For a supersymmetric theory we know there is a conserved superpartner F , namely a
supersymmetry generator. But to establish this we must also apply Noether’s theorem
to supersymmetry transformations. Once this is done, we find that the definition of the
translation superfield current can indeed always be improved so as to fulfill the condition
(7.2), in accordance with our general results.
The necessity of carrying out such an improvement in the conformal case was discussed
in [23], but in language pre-dating the modern development of conformal field theory. In
contemporary terminology, this is simply the statement that in a superconformal field
theory we can always improve the canonical super-energy-momentum tensor so that its
conservation becomes a holomorphic conservation equation. To complete our discussion
we will show how this improvement works in a general supersymmetric theory, whether
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conformal or not.
In the main text we deliberately avoided the raising and lowering of spinor indices. Now
it will be more helpful to allow this possibility. We shall distinguish vector indices µ, ν, . . .
and spinor indices a, b, . . . with the summation convention applied to all contracted upper
and lower indices. The rule for raising and lowering spinor indices is F± = ±F∓. Thus,
for example, the standard superspace current conservation equation reads
DaJ
a = D+J
+ +D−J
− = D+J− −D−J+ = 0 .
Consider a field theory in superspace, described by a superfield lagrangian L(Φ, DaΦ).
Under the action of graded transformations which change the superfield by δΦ(xµ, θa),
one finds that, on using the equations of motion, the variation of the lagrangian can be
expressed in the form
Da(
∂L
∂DaΦ
δΦ)− δL = 0.
Now the condition for invariance of the action is
δL = DaX
a ⇒ DaJ
a = 0 , with Ja =
∂L
∂DaΦ
δΦ−Xa ,
where the first equation defines Xa. This is the superspace form of Noether’s Theorem.
Applying this to x-translations in the direction labelled µ, gives
DaT
a
µ = 0
with T aµ a vector-spinor superfield. In detail:
Da(
∂L
∂DaΦ
∂±Φ)−D±(iD±L) = 0 (7.4)
where we have made use of the superspace algebra D2± = −i∂±. Applying Noether’s
Theorem to a supersymmetry labelled by a spinor index b, we find
DaS
a
b = 0
where Sab is a spinor-spinor superfield. By making repeated use of the fact that Q± =
D± + 2iθ
±∂± we can write the current
Sa± = K
a
± − 2iθ
±T a± , where K
a
b =
∂L
∂(DaΦ)
DbΦ + δ
a
bL (7.5)
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Comparing (7.5) and (7.4) we see that
T±± = −
i
2
DaK
a
± (7.6)
and it is this which allows us to improve the energy-momentum tensor in the way that we
desire. For example, considering translations or supersymmetries given by µ = b = +, it
follows from (7.6) that we can define an improved superfield current:
T˜±+ = T
±
+ +
i
2
D∓K
−
+ (7.7)
which satisfies
DaT˜
a
+ = 0 , T˜
+
+ = −
i
2
D+K
+
+ (7.8)
The last equation exactly meets the criterion (7.2). Similarly, for translations and super-
symmetries given by µ = b = − we have the independent improvement
T˜±− = T
±
− +
i
2
D∓K
+
− (7.9)
which satisfies
DaT˜
a
− = 0 , T˜
−
− = −
i
2
D−K
−
− . (7.10)
The superpartner charges which arise are of course exactly the supersymmetry generators.
8 Appendix : Commutation of local with non-local charges
In this appendix we give some details of the vanishing of the Poisson brackets of the local
with the non-local charges for the SPCM (λ = 0). Recall that the odd-parity charges F−
m− 1
2
and B−m are integrals of the currents
Ωa1a2...a2m+1ψ
a1
+ ψ
a2
+ . . . ψ
a2m+1
+ , Ωa1...a2ma2m+1ψ
a1
+ . . . ψ
a2m
+ j
a2m+1
+ ,
respectively. Once we have proved that the non-local charges commute with these, we
may prove commutation for the even-parity local charges F+
m− 1
2
and B+m by considering the
densities
da1a2a3...am+1j
a1
+ ψ
a2
+ h
a3
+ . . . h
am+1
+ , da1a2a3...am+1(mj
a1
+ j
a2
+ + iψ
a1
+ ∂+ψ
a2
+ )h
a3
+ . . . h
am+1
+ ,
(since they differ by terms proportional to the odd-parity charges). Recalling the definitions
h± = ψ
2
± given in the text, we shall also write h0 =
1
2
(h+ + h−) and h1 =
1
2
(h+ − h−).
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It is useful to introduce quantities bµ by writing the conserved current components in the
SPCM
j0 = b0 − 2ih0 , j1 = b1 − ih1 ,
The quantities bµ satisfy the same Poisson brackets as the currents in the bosonic PCM
((2.16, 2.17) with λ = 0), while the relations (3.28) can also conveniently be re-written
{haµ(x), h
b
ν(y)} =
1
2
ifabchc|µ−ν|(x)δ(x− y) .
for µ, ν = 0, 1.
Since all the local charges we have constructed are singlets in the Lie algebra, the charge
Q(0) a must commute with them; this is also relatively simple to check directly. It therefore
remains to calculate the brackets with the first non-local charge, which can be written
Q(1)a =
∫ {
ba1(x)− 2ih
a
1(x)−
1
2
fabcjb0(x)
∫ x
jc0(y) dy
}
dx .
In the calculations which follow, we shall use square brackets to indicate the contributions
arising from each of the three terms in the formula for Q(1)a above.
The simplest bracket
{F−
m− 1
2
, Q(1)a} = 0
can be calculated quite straightforwardly: the first term is trivially zero, and the other two
vanish by invariance of Ω.
Next we consider the even-parity fermionic charge, constructed using a Λ tensor which
is antisymmetric on all but one of its 2m indices.
{F+
m− 1
2
, Q(1)c} =
{ ∫
Λa1a2...a2m−1b ψ
a1
+ ψ
a2
+ . . . ψ
a2m−1
+ j
b
+ dx ,Q
(1)c
}
=
∫
dxΛa1a2...a2m−1b
{
( fa1cdψd+ψ
a2
+ . . . ψ
a2m−1
+ + . . .+ f
am−1cdψa1+ . . . ψ
a2m−2
+ ψ
d
+ )j
b
+
+f bcdψa1+ ψ
a2
+ . . . ψ
a2m−1
+
([
bd1
]
+
[
−2ihd1 − ih
d
0
]
+
[
bd0 − 2ih
d
0
])}
∝
∫
dxΛa1a2...a2m−1bf
bcdψa1+ ψ
a2
+ . . . ψ
a2m−1
+ h
d
+
∝
∫
dx f bcdf da2ma2m+1Λa1a2...a2m−1bψ
a1
+ ψ
a2
+ . . . ψ
a2m+1
+ .
But, by the Jacobi identity and invariance:
f bcdf d[eaΛa1a2...a2m−1]
b = 2f cd[ef
db
aΛa1...a2m−1]
b = −2f cd[eΩ
d
aa1...a2m−1] = 0 .
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Now we move on to the rather tougher bosonic charges. (One could deduce that these
commute with Q(1)a by applying supersymmetry to the fermionic results; we shall calculate
them directly.) To simplify the results it is wise to introduce some notation in advance.
Since invariance of the d tensors plays such an important role, we introduce the short-hand
ABC . . .D ≡ f ba1cda1a2a3...am+1A
cBa2Ca3 . . .Dam+1 ,
Then, by symmetry of d, ABC . . .D = BAC . . .D = BCA . . .D etc. The fact that d is
invariant may now be expressed:
d(ABC . . .D) ≡ ABC . . .D + ABC . . .D + . . . + ABC . . .D = 0 .
Consider now the odd-parity bosonic charge:
{Q(1)b, B−m} =
∫
dx da1a2...am+1
{ [
f ba1cbc1h
a2
+ . . . h
am+1
+
]
+
[
−ifba1c(2h
c
1 + h
c
0)h
a2
+ . . . h
am+1
+
+ ja1+ (f
ba2chc+h
a3
+ . . . h
am+1
+ + . . .+ f
bam+1cha2+ . . . h
am
+ h
c
+)
]
+
[
f ba1c(bc0 − 2ih
c
0)h
a2
+ . . . h
am+1
+
] }
where we have made repeated use of invariance of d to eliminate certain ultralocal and
non-ultralocal terms. The surviving terms written above can now be grouped together
into two sets proportional to d(hm+1+ ) = 0 and d(j+h
m
+ ) = 0. Hence the bracket vanishes.
Finally we consider the bracket of Q(1)a with∫
dx da1a2a3...am+1
(
mja1+ j
a2
+ + 2iψ
a1
+ ∂1ψ
a2
+ − i(j
a1
− +
1
2
iha1− )h
a2
+
)
ha3+ . . . h
am+1
+ ,
which we know differs from B+m by a term proportional to B
−
m. The resulting expression
has three groups of three [. . .] terms, one for each of j2, ψ∂1ψ and (j− +
1
2
ih−)h+:
{Q(1)b, B+m} =
∫
dx da1a2...am+1
{
m
[
( f ba1cja2+ + f
ba2cja1+ )b
c
1h
a3
+ . . . h
am+1
+
]
+m
[
−i( f ba1cja2+ + f
ba2cja1+ )(2h
c
1 + h
c
0)h
a3
+ . . . h
am+1
+
+ ja1+ j
a2
+ ( f
ba3chc+h
a4
+ . . . h
am+1
+ + . . .+ f
bam+1cha3+ . . . h
am
+ h
c
+ )
]
+m
[
( f ba1cja2+ + f
ba2cja1+ ) j
c
0h
a3
+ . . . h
am+1
+
]
+ [0] + [0] +
[
−4if ba1cjc0h
a2
+ . . . h
am+1
+
]
+
[
−if ba1cbc1h
a2
+ . . . h
am+1
+
]
+
[
− i(ba10 −b
a1
1 −2ih
a1
0 )( f
ba2chc+h
a3
+ . . . h
am+1
+ + . . .+ f
bam+1cha2+ . . . h
am
+ h
c
+ )
−2f ba1chc1h
a2
+ . . . h
am+1
+
]
+
[
if ba1cjc0h
a2
+ . . . h
am+1
+
] }
.
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As before, there is some work to be done to show that other terms, besides those written
above, vanish along the way. The second [0] in the middle line is due to a total derivative.
Gathering together the terms containing the factors m yields, after a little rearranging,
m
{
d
(
j2+h
m−1
+
)
− 2ih+j+h
m−1
+
}
.
Now we add the rest of the terms, which are
−i(3j0 − 2ih1 + b1)h
m
+ − im(b0 − b1 − 2ih0)h+h
m−1
+ = −id
(
(b0 − b1 − 2ih0)h
m
+
)
− 2ij+h
m
+ .
The end result is
−2ij+h
m
+ − 2imj+h+h
m−1
+ = −2id
(
j+h
m
+
)
= 0 .
9 Appendix: Invariant tensors
This section is a comprehensive guide to the invariant tensors of relevance to this paper.
As above, G is a Lie group with algebra g and rank(g) = l. Fundamental representation
generators are {ta} and they satisfy
Tr(tatb) = −δab , [ta, tb] = fabctc . (9.1)
An arbitrary tensor Θa1...an is called invariant if we have
n∑
k=1
f cbakΘa1...ak−1cak+1...an = 0 . (9.2)
An equivalent statement is that the element of the enveloping algebra of g given by
Θˆ = Θa1a2...anta1ta2 . . . tan , (9.3)
is a Casimir, that is [tb, Θˆ] = 0 for every tb. Symmetrizations and antisymmetrizations are
denoted by
Θ(a1...an) =
1
n!
∑
σ
Θaσ(1)...aσ(n) , Θ[a1...an] =
1
n!
∑
σ
(−1)σΘaσ(1)...aσ(n) (9.4)
respectively, where the sums extend over all permutations σ of {1, 2, . . . , n} and (−1)σ
denotes the signature of the permutation.
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9.1 Primitive symmetric tensors
There are l primitive symmetric tensors for each algebra g. What this means is that any
symmetric invariant tensor can be expressed as a sum of tensor products of these primitive
tensors. The primitive tensors are not unique, but the ambiguity in their selection consists
of the freedom to add or subtract symmetrized tensor products, of the form
da1...an = u(a1...akvak+1...an), (9.5)
(up to overall constants). In section 2 we introduced the term ‘compound’ for such tensors.
For the classical algebras, we can take all but one of the primitive tensors to be
sa1a2...an = sTr (ta1ta2 . . . tan) = Tr
(
t(a1ta2 . . . tan)
)
, (9.6)
where n takes the values
al = su(l+1) 2, 3, . . . (l + 1)
bl = so(2l+1) 2, 4, . . . 2l
cl = sp(2l) 2, 4, . . . 2l
dl = so(2l) 2, 4, . . . (2l − 2)
Note that this only defines (l − 1) tensors for the algebras dl. The final invariant in this
case is the Pfaffian, given by
pa1...al =
1
2l l!
ǫj1...j2l(ta1)j1j2 . . . (tal)j2l−1j2l . (9.7)
To illustrate these ideas, consider the algebra a3. This algebra has rank three and a set
of primitive symmetric tensors is provided by
Tr(ta1ta2) , sTr(ta1ta2ta3) , sTr(ta1ta2ta3ta4) .
The six-fold symmetric trace is non-primitive and can be written
sTr(ta1ta2ta3ta4ta5ta6) =
1
3
Tr(t(a1ta2ta3) Tr(ta4ta5ta6))
+
3
4
Tr(t(a1ta2) Tr(ta3ta4ta5ta6))
−
1
8
Tr(t(a1ta2) Tr(ta3ta4) Tr(ta5ta6)) .
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9.2 Ω tensors
Given any symmetric invariant tensor d(n)a1...an we can define an order (2n−1) antisymmetric
invariant tensor by
Ω(2n−1)a1a2...a2n−1 =
1
2n−1
f b1[a1a2f
b2
a3a4 . . . f
bn−1
a2n−3a2n−2d
b1b2...bn−1
a2n−1]
=
1
2n−1
f b1a1[a2f
b2
a3a4
. . . f
bn−1
a2n−3a2n−2]
db1b2...bn−1a2n−1 . (9.8)
The second equality follows from careful use of invariance properties [9]. We also observe
that for any symmetric invariant tensor d,
da1...anf
a1
[b1b2
. . . fanb2n−1b2n] = 0, (9.9)
by using invariance and the Jacobi identity. This leads to a very useful property of the
Ω tensors: if d in (9.8) is compound, as in (9.5), then Ω vanishes identically. This is
easily understood by considering the symmetrization of indices in (9.5) to be written out
explicitly, followed by substitution in (9.8). In every one of the resulting terms either u or
v has all its indices contracted with structure constants, as in (9.9), and the result follows.
Since (9.8) is linear in d, the expression for Ω will also vanish if d is any sum of compound
tensors. The corollary to this is that only the primitive part of d contributes to Ω. From
the primitive symmetric tensors (9.6) we obtain
Ωa1...a2n−1 = Tr
(
t[a1ta2 . . . ta2n−1]
)
(9.10)
providing l primitive antisymmetric tensors for al, bl and cl. For dl, we have l − 1 tensors
of this form and the final primitive antisymmetric tensor is that defined from the Pfaffian
via (9.8). In general, we have precisely l primitive totally antisymmetric invariant tensors,
which are in 1-1 correspondence with the primitive symmetric tensors of g.
9.3 Λ tensors
Given a general symmetric invariant tensor d(n)a1a2...an we define a Λ tensor by
Λ(2n−2)a1a2...a2n−2 =
1
2n−2
f b1[a1a2 . . . f
bn−2
a2n−5a2n−4
db1b2...bn−2a2n−3]a2n−2 . (9.11)
As these tensors have less symmetry than the Ω tensors we would expect there to be a
larger class of them. In the above section, we saw that only the primitive part of the
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d-tensor contributed to Ω. We would like to know what is the analogue of this for the Λ
tensors. The answer is that compound tensors (9.5) may contribute to Λ, but not if they
can be written as a product of three of more factors:
da1...an = u(a1...arvar+1...aswas+1...an) (9.12)
As before, we need only think of such a compound tensor used in the definition of Λ above,
with the symmetrization on its indices written out. In each of the resulting terms, at
least one of the constituents u, v or w will have all its indices contracted with structure
constants, and so will vanish by (9.9).
It remains to understand how compound tensors involving just two primitive constituents
contribute to Λ. This involves nothing more than substituting a general tensor of this type
da1...apb1...bq = d
(p)
(a1...ap
d
(q)
b1...bq)
(9.13)
into the definition. Some care is required with combinatorial factors, however, in order to
arrive at the result
Λ
(2n)
a1...a2n−1b
=
pq
(p+q)(p+q−1)
(
Ω
(2p−1)
[a1...a2p−1
Ω
(2q−1)
a2p ...a2n−1]b
+ Ω
(2q−1)
[a1...a2q−1
Ω
(2p−1)
a2q ...a2n−1]b
)
(9.14)
where n = p+ q − 1 and Ω(2p−1) and Ω(2q−1) are related to d(p) and d(q) as in (9.8). Unlike
the Ω tensors, there is not a unique Λ tensor for each primitive symmetric invariant.
Nevertheless, we see that Λ tensors based on different d tensors will differ only by linear
combinations of products of Ω tensors, as in the expression above.
9.4 Comments
There are various awkward coefficients which arise in checking some statements made in
section 4.2 relating to the bosonic terms in the definition (4.11) of the currents K+m+1 for
su(N). It was found that commuting charges could be obtained by modifying the current
B+m+1 by an expression including
−
m
N
∑
p+q=m+1
B−p B
−
q (9.15)
Considering first how these quantities can be written in terms of symmetric tensors, the
modification amounts to changing s(m+1)a1a2a3...am+1j
a1
+ j
a2
+ h
a3
+ . . . h
am+1
+ by
−
1
N
∑
p+q=m+1
( s(p)a1a2...ap j
a1
+ h
a2
+ . . . h
ap
+ ) ( s
(q)
b1b2...bq
jb1+ h
b2
+ . . . h
bq
+ )
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= −
1
N
∑
p+q=m+1
(p+q)(p+q−1)
2pq
s
(p)
(a1a2...ap
s
(q)
b1b2...bq)
ja1+ j
b1
+ h
a2
+ . . . h
ap
+ h
b2
+ . . . h
bq
+ (9.16)
where care must be taken with symmetrizations in order to obtain the correct coefficents
in the second expression. This is easily found to reproduce the compound terms with two
primitive factors which appear in the tensors k(m+1) listed in (2.38) in section 2. Alterna-
tively, in terms of antisymmetric tensors, we need to modify Λ
(2m)
a1a2...a2m−1b
ja1+ ψ
a2
+ . . . ψ
a2m−1
+ j
b
+
by the expression
−
1
N
m
2m−1
∑
p+q=m+1
( Ω(2p−1)a1a2...a2p−1 j
a1
+ ψ
a2
+ . . . ψ
a2p−1
+ ) ( Ω
(2q−1)
b1b2...b2q−1
jb1+ ψ
b2
+ . . . ψ
b2q−1
+ ) . (9.17)
Now it can be checked that
(
Ω
(2p−1)
[a1a2...a2p−1
Ω
(2q−1)
a2p ...a2m−1]b
+ Ω
(2q−1)
[a1a2...a2q−1
Ω
(2p−1)
a2q ...a2m−1]b
)
ja1+ ψ
a2
+ . . . ψ
a2m−1
+ j
b
+
=
2p+2q−2
2p+2q−3
( Ω(2p−1)a1a2...a2p−1 j
a1
+ ψ
a2
+ . . . ψ
a2p−1
+ ) ( Ω
(2q−1)
b1b2...b2q−1
jb1+ ψ
b2
+ . . . ψ
b2q−1
+ )
from which we see that (9.17) is equal to
−
1
N
m−1∑
p=2
Ω
(2p−1)
[a1...a2r−1
Ω
(2m−2p+1)
a2p...a2m−1]b
ja1+ ψ
a2
+ . . . ψ
a2m−1
+ j
b
+ ,
precisely as required for (4.12). Notice also that this is consistent with (9.16) above on
using (9.14).
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